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Abstract. We describe a very fast and automatic formulation of the linear sampling
method for three-dimensional electromagnetic inverse scattering problems. This
formulation is an extension of a no-sampling implementation recently proposed for two-
dimensional configurations. In this 3D framework, regularization occurs independently
not only of the sampling point but even of the polarization of the fundamental solution
used as known term. Furthermore, a very effective automatic procedure for the
selection of the optimal surface describing the scatterer is introduced.

1. Introduction

The linear sampling method [9, 15] is a well-known numerical procedure for
visualizing obstacles and inhomogeneous scatterers from measurements of acoustic or
electromagnetic far-field patterns. At the basis of the method there is the regularized
solution of the discretized and noisy version of a linear integral equation of the first
kind, called the far-field equation, for each point of a computational grid set in a
region containing the scatterer. The linear sampling method is a qualitative method [4]
providing a reconstruction of the location and shape of the scatterer, but not providing
quantitative information on the point values of the refractive index. Its main advantages
are that, to be implemented, it does not need any a priori information on the scatterer
(except that it is located inside a known bounded region); it has very wide applicability
conditions, since it can be formulated in very general acoustic or electromagnetic
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frameworks, in the case of two-dimensional and three-dimensional configurations, in
the presence of both isotropic and anisotropic scatterers [4, 8, 11, 12, 13, 14, 15]; it is
computationally more effective than methods like non-linear optimization techniques,
which are often applied to inverse scattering problems.

In two recent papers, an augmented formulation of the method has been proposed,
enhancing both the rapidity of the visualization process and the overall degree of
automation of the algorithm. In fact in [1] the method is formulated in a direct
sum of L? spaces, so that the traditional one-parameter family of integral equations
of the first kind defined by the far-field equation is replaced by a single linear functional
equation. In this approach, from now on called no-sampling linear sampling, a single
regularization procedure is applied to the functional equation (in particular, a single
regularization parameter is selected by means of some optimality criterion) and therefore
the computation of the method is notably faster. In [2] an edge detection algorithm is
applied to no-sampling linear sampling in order to provide an automatic and optimal
selection of the edges of the map visualized by the qualitative method. The resulting
algorithm is able to visualize the profile of the scatterer in a fast and automatic manner
from the far-field data.

However, these two papers deal with two-dimensional inverse scattering problems.
In the present paper we want to extend this no-sampling automatic formulation to a
three-dimensional anisotropic electromagnetic inverse scattering problem. To this aim,
two important critical issues must be accounted for. In the traditional implementation
of the linear sampling method for Maxwell’s equations, the regularized solution of the
far-field equation depends on both the sampling point and the sampling polarization of
the fundamental solution. Therefore, in principle, a different regularization parameter
should be selected not only for each point of a computational grid in a volume containing
the scatterer, but also for each vector in a set of polarizations. To avoid such increase
of the computational effort, heuristic procedures can be introduced, although in [7]
it is pointed out that the reconstruction depends on the choice of the polarization
vector: in particular, in [7, 8] it is observed that the best visualizations are obtained
by combining (with the same weight) the three indicator functions computed for three
independent polarizations. The unifying approach followed in this paper allows replacing
the two-parameters family of far-field equations with a single functional equation whose
regularization occurs independently of both the sampling point and the sampling
polarization, thus removing any problem in choosing the number and/or the distance
of the sampling points, as well as in selecting the sampling polarizations and combining
the corresponding indicator functions.

The second technical issue is concerned with the optimal selection of the scatterer
surface. In linear sampling a point on the boundary induces the norm of the regularized
solution of the far-field equation to grow up. In [2], in a two-dimensional setting, an
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edge detection technique to highlight the contour of the scatterer is realized by means
of deformable models. In principle, this technique could be extended to surfaces in 3D
but, although active contours are reasonably fast, active surfaces [6] require a notable
computational effort to converge to the boundary of the scatterer. The result of this
procedure would be that the time saved by using the no-sampling implementation would
be partly lost by the visualization process based on deformable volumes. Therefore in
the present paper we prefer a different approach: the indicator function is restricted
to an appropriate plane in IR* and the points of the scatterer surface belonging to this
plane are determined by applying a 2D deformable model, just as in [2]. Then we
compute the average value of the indicator function over this profile and the result is
chosen as the threshold value setting a level surface of the indicator function which is
used to visualize the boundary of the scatterer. This method is easily adapted to the
case in which a non-connected scatterer consists of connected components characterized
by different physical parameters: it suffices to consider restrictions of the indicator
function to regions containing only one connected component and to select a different
cut-off value for each region.

Summarizing, we present here a visualization method for 3D electromagnetic inverse
scattering where no sampling is performed over the volume points or the polarization
vectors and the profile of the scatterer is detected by means of an effective automatic
thresholding of an analytically known indicator function. The result is an extremely fast
algorithm: objects that are reconstructed in around half an hour by traditional linear
sampling on a PC equipped with a 1.6 GHz processor and 1 GB RAM, are reconstructed
with comparable accuracy by this fully no-sampling automatic procedure in around one
minute.

The plan of the paper is as follows. In Section 2 we shortly summarize some results of
8], i.e. we introduce the far-field equation and recall the general theorem concerned with
its approximate solution. In Section 3 we perform a rather general discretization of the
far-field equation (the meshes in which the incidence and the observation directions are
discretized do not need to be uniform or equal to each other) and provide the traditional
formulation of the linear sampling method. Section 4 introduces the new formulation:
with respect to [1], the generalization consists not only in passing from a 2D to a 3D
framework and taking into account the sampling polarizations, but also in considering
more general discretization meshes. Section 5 exploits the computational tools provided
by [2] to perform some numerical examples illustrating the notable effectiveness of the
new approach. Our conclusions are offered in Section 6.
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2. The far-field equation

A very general electromagnetic inverse scattering problem [8, 10] is concerned with
an incident time-harmonic field £ = E(Z), entire solution of

curl curl (%) — KE(Z) =0, &€ IR, (2.1)

scattering against an inhomogeneous and possibly anisotropic target, whose support is
represented, in a Cartesian coordinate system, by a bounded domain D C IR?, such
that D is an open and Lipschitz domain of IR?® with connected complement. The
physical properties of the scatterer are described by a 3 x 3 symmetric matrix N = N (Z)
(representing the possibly anisotropic index of refraction), whose entries are bounded
complex-valued functions defined in IR?® and such that N is the identity matrix outside
D. The relationship between the scatterer and the total clectric field E = E(f) is
expressed by the equation

curl curl E(Z) — K*N(Z) E(Z) =0, i€ R?, (2.2)
where

E(7) = E*(2) + E'(@), e, (2.3)
and the scattered field E* = E*() satisfies the Silver-Miiller radiation condition

Jim (curl E* x 7 — ik|#|E*) = 0 (2.4)
uniformly in £ = | |

In the following we shall assume that the electric incident field is a plane wave
propagating along the direction d and polarized along p'€ IR? (p'- d = 0), i.e

E(@) = pe*™,  ieR® (2.5)

The Stratton-Chu formula [10] implies that the radiating solutions E* to the scattering
problem have the asymptotic behavior

elkr

— — ~ 1

B (7) = {Eoo(gs; d,5)+ 0 ()} as = |7 — oo, (2.6)
r

where the far-field pattern Eo(-;d ]5) is defined on the unit sphere Q := {# € R3, |#| =

1}. Tt is worth noting that E (-;d,p) is a tangential vector field, i.e. it belongs to

L2(Q) = {f() € (L ( )2 | f(@)P(&) = 0ViE € Q}, where (%) is the normal unit

vector to € in # and f(2) - 7(#) is the usual scalar product in € between f(&) and 7(%).

is a

The set of functions L2(Q) Hilbert space with the scalar product defined by

(A0 50O gy = | @) Fald)ds(d) YF().S() € Q). (27)
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Let us now introduce the far-field equation in the unknown gz z(-) for the 3D vector
case [8]:

[ Bl d. Ga(d))ds(d) = Eooe(@32.). (2.8)

Here 7 and ¢ are respectively the sampling point in IR® and the sampling polarization;
Eoo(i:d, g’g@(d)) denotes the far-field pattern of the field scattered by the target along
direction # when it is illuminated by a plane wave impinging from direction d and
polarized along §z4(d); the function Gzg(-) is in L2(Q2) for each Z € IR? and ¢ € R?;
finally, Eem(i'; Z,q) is the far-field pattern of an elementary dipole located in z' and
oriented along ¢:

(2 2,4) = (:17 X q) x & e HE (2.9)

We now observe that, owing to the linear dependence of the far-field patterns on the
polarizations (see, e.g., (2.9)) and to the linearity of the far-field equation (2.8), we do
not loose in generality by assuming |g] = 1; hence in the following we shall consider
7= G € Q. Then, if we introduce the far-field operator F : L?(2) — L?(2) defined by

(F3()) (2) i= [ Euclisd. 3(d))ds(d) (2.10)
the far-field equation (2.8) can be written as
(Fgizq(-) () = Eepo(d; 2.4). (2.11)

At the basis of the linear sampling method there is the following general theorem [8].

Theorem 2.1 (general theorem). Let us assume that k is not a transmission eigen-
value and let F' be the far-field operator (2.10); moreover, let ¢ be any element of €.
Then we have:

1) if Z € D, then for every e > 0 there exists a solution gz4(-) € L¥(Q2) of the inequality

1(Fgzq()(-) = Eeoo(5 2, @)l 120y <€ (2.12)
such that
EE%ID 1Gz.4() [ 2() = o0 (2.13)

2) if Z ¢ D, then for every e > 0 and 6 > 0 there exists a solution gz 4(-) € LZ(Q) of the
inequality

1(FGzq())() = Eepol(: 2,4) 120y < €+, (2.14)
such that

lim 154l 2(0) = oc. (2.15)



Analogous theorems hold for scattering problems formulated for conductors or partially
coated objects: in addition to [8], see [4] and references therein.

3. Discretization and the linear sampling method

The aim of the present section is to perform an angular discretization of the far-
field equation that allows one to deal with very general scattering situations, such as
non-uniform displacement of the emitting and receiving antennas and limited aperture
data. The first step towards such a discretization is to project the far-field patterns onto
some particular basis. A possible choice is the spherical basis {#(), (), ¢(w)} (with
() = ) intrinsic to the generic direction . Since the far-field pattern Eo(-:d,7)
belongs to L?(12), it has no component along 7(#) and we can write

Ewo(#;d,p) = ES(&;d, 0)0() + EZ(#; d, p)(), (3.1)
where E? (2;d,p) := Ex(i;d,p) - 0(&) and E%,(i:d, ) := Ex(#;d, p) - (). Moreover,
since p - d = 0, then p can be decomposed as

p=p"0(d) + p*(d), (3.2)
where p? == p- é(CZ) and p? = p- @((i) Hence, exploiting the linearity of the far-field
pattern with respect to p, it is possible to write

ES (&;d,p) = p’ B (#:d) + p? B (#;d), (33)
E%(#5d, p) = p"BL (#:d) + p* B (35 d),

where
B2 (#:d) = B (#:d,0(d)), (35)
B (#5d) = B (#;d, §(d)), (3.6)
EZ(&;d) = EZ(#5d,0(d)), (3.7)
B (#d) = B (&;d, ¢(d)). (3:8)
Analogously to (3.1), the far-field pattern E, o3 2,q) € LZ(Q), defined by (2.9), can be

~

written in terms of 0(#) and H(%) as

—

oo (#57,4) = Bl oo (#; 2, Q)0(2) + BZ oo (83 2, Q) p (%), (3.9)
where B (#;7,q) := E¢oo(i:2,4) - 0(2) and Ef (352, §) := Euoo(#:7,4) - ¢(2). As a
1)

consequence, the vector equatlon (2.11) can be spht 1nto two scalar ones:

(Fgzq() (&) - 0() = BY (& 2.4). (3.10)
(Fgzq() (2) - 9(2) = B (7; 2, ), (3.11)



i.e., recalling definition (2.10) and decompositions (3.1), (3.3), (3.4),

[ 19 B 3 ) + g2, (d) B (&5 ) ds(d) = B (32, 9). (3.12)
oo DEL @5 d) + g2 () B (&5 )] ds(d) = B (i37.0) (3.13)

In real experiments, the far-field pattern is measured for L; = T;F; observation
directions and L; = T;F; incidence directions. The observation directions are denoted
as

Zr,i.5) = (sin 6 cos gpf, sin 07 sin gp}’?, cos07) € Q, (3.14)
where, for all integers : =0,...,T; — 1 and 7 =0,..., F; — 1, we have put

Gi(i,7) = iF; + 4, 67 € (0;m), ¢ €[0,2m); (3.15)
analogously, the incidence directions are denoted as

cigd(m-) = (sin 0? cos 90?, sin 9;‘3 sin gof, Ccos 0?) €, (3.16)
where, for all integers ¢ =0,...,T;—1and j =0,...,F; — 1, we have put

iy §) = iF;+ 4, 68e(0,7), ¢lelo,2n). (3.17)

As a consequence, equations (3.12) and (3.13) can be discretized by requiring that,
forall ¢z =0,...,L; — 1,

L1
Z [gg,q(dfg)Egg<i‘%; déi) + g;q(dég)ng(if@; dfg)] Asﬂg = Eee,oo(ﬁ&:; z, (j)v (318)
L;—-1 ) . . .

Z [gg',(j(dﬁd)Eto’f(i‘Zm déd) + 9§q<d£d)E£0@£za dgd)] ASgd - Ezoo(ilfw 57 qA)J (319)
£;=0

where, for all i =0,...,7T; —1and j =0,...,F; — 1, we have defined

Asg, = sin 90 AL > 0, (3.20)
with Aﬁg‘i = (9§+1 — 9;‘2 > 0 and Afpzz = apgﬂ — cpgz > 0. In particular, in the case of
uniform discretization we have A6 = 7/T; and Apf = 27/ F);.

Equations (3.18) and (3.19) can be written in a more compact form by using the
matrix notation:

EOO AS({ Gg,lf = Ee,OO('g? qA)a (321)
where we have defined AS; as the diagonal and positive-definite matrix of 2L; x 2L

L AS& 0
AS; ._< 0 ASJ) (3.22)

elements
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with As; := diag (Aszdh ; Gz4 as the column vector of length 2L ;

dZO,,LdAfl
gl
Goyim ( i ) (323)
824
with g2 . := (927‘3(0[@1))%:0,...,%_1’ gl = <g§‘?(deui))23:0,...,Ld—1; E. (%, q) as the column

vector of length 2L;
E’_(Z,q
E.o(Z,q) = ( coo(5:0) ) (3.24)

with B! (7,0) = (B3 2.0)), ), Bla(B0) = (Bn(d052.0)),
finally, the 2L; x 2L; matrix E is defined as

EGG E9<,o
Eo ::( o °°> (3.25)

0 PP
EOO EOO

+=0,..,.Lz—1’

with
BY = (E% (&0, dy,))
o0 ( f d) éj:o,...,Li—1;[&:0,...,[/&—1’

Op . _
Eof T ) )
Z@ZO,...,Li71%&20,...,[4&71

( )
BZ = (B (i, dy,)

)eizo,.‘.,Li71;£F2=0,...,Lr1 ’

E‘P‘P:: (EQD(P,Z%A'CZA> :
0o ( la> éd) £3=0,...,Lz—1;£3=0,...,L ;—1

Remark 3.1. The positive-definite matrix AS; given in (3.22) defines a (weighted)
scalar product (-,-) r; in C?L4, obtained from a Lj;—angular discretization of the scalar
product (2.7). If w; and wy are two column vectors in €?£d, we have

(Wi, Wq); = w, AS; Wy, (3.26)

d

where wi denotes the transpose of w; and W, the complex conjugate of w,. The scalar
product (3.26) induces a norm, denoted with || -[|1, , in €*"4; we shall write (@2Lci, (- ')Lci)
to denote the vector space €*d endowed with the scalar product (-, -) L, In a completely
analogous way, we can consider the space ((EM@, (,°) Li), by simply replacing the weight
matrix (3.22) with its analogous AS;, defined in terms of Asg, = sin 67 AG7 Ayt > 0.

In real applications, the far-field patterns are blurred by the noise affecting the
measurement processes, so that only a noisy version EE of the far-field patterns is
available, i.e.

EX =E, +H, (3.27)



where H is the noise matrix. Then, we can define the linear operator

P ) 00

3.28
x — ERAS;x; (3.28)

h is used as a superscript to distinguish F” from the corresponding noise-free version
F and also to denote the noise bound h > ||F" — F||, where || - || indicates the operator
norm. By virtue of (3.28), EX AS; =: F” is the matrix representation of the linear
operator F"; moreover, remembering (3.21), we can now write the noisy and discretized
version of the far-field equation (2.8) in the form:

F'Gey = BenolZ,4). (3.29)

The ill-conditioning of equation (3.29) requires a regularization procedure; in particular,
Tikhonov regularization method [17] consists in determining

2
G:io = argming o, {HFhG —Ecw(Z9)|, +a ||G||id} . (3.30)

Given (3.30), the optimal regularized solution is obtained by choosing for the
regularization parameter « the value o*(Z, §) determined by the generalized discrepancy
principle, i.e. by finding the zero of the generalized discrepancy function p : (0, 4+00) —

IR defined as [17]

p(0) = |[F"Gz 0 — Beno(Z.0)]

Lz

Gl (3:31)

An explicit form for this regularized solution can be determined by using the singular
representation [3, 10] of the linear operator F", whose singular system is related to
that of the matrix F” according to Theorem A.1 in the Appendix. If we denote with
{oh, uZ,vZ};};()l (where o}y > ot > ... > o | and r" := rank F") the singular system
of F" and if a*(Z,q) is the zero of the generalized discrepancy function (3.31), it turns
out that the optimal Tikhonov regularized solution of (3.29) is given by [3, 10]:

rh—1 O.h

GE G:a*(2,§) — £ — Eeoo 27 ] 7Vh uh‘ 332
G o (2,4) };) (0£)2+a*(z,cj)( (Z,4) P)Li p ( )

Then, inspired by Theorem 2.1, the linear sampling method allows one to visualize the

scatterer profile by performing the following steps:

e take a grid of points £ C IR? covering the scatterer and choose a sampling
polarization ¢;

e for each grid point Z € Z, determine the optimal Tikhonov regularized solution
(3.32);

e for each grid point Z € Z, consider the quantity HGE"Q;O‘*(E’Q)HLA or a suitable

combination of the analogous quantities obtained for different choices of § [8];
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e visualize the profile of the scatterer as the set of grid points in which the previous
combination becomes mostly large or small, depending on the analytical form
chosen for the combination itself.

2
| can be explicitly computed, by using (3.32), as

d

It is worth noting that HG;:Q;OL*(Z@)‘

ol @y
HGz,q;a*(Z,q)HLli o pz—;) {(O_g)g_i_a*(g’ q)}

(Beol(Z,4), v) L (3.33)

2

In this implementation the optimal regularization parameter o*(Z2 ) explicitly depends
on the grid point Z and the prefixed ¢ and therefore it must be computed a number of
times equal to the product of the number of grid points times the number of polarizations
sampled in €.

As a final remark, we point out that this discretization can be easily generalized

to the case of limited aperture data. It suffices to consider 6;2 € (0?,95) C (0,m) for
i=0,...,T;—1, gpfe [@f,@?) C [0,27) for j =0,...,F;—1; 07 € (?f,?ﬁ) C (0, ) for
i=0,....T:—1; ¢f € [7],75) C [0,27) for j =0,..., F; — 1.

4. A no-sampling implementation of the linear sampling method

The key-idea of no-sampling is to replace the discrete grid Z with a continuous
one T := [—Aj, Aj] x [~ Az, Ag] X [—A3, A3] C IR? and, furthermore, to replace a finite
set of sampled polarizations with €2. This approach, whose purpose is to increase the
computational effectiveness and the automation degree of the traditional linear sampling
method, amounts to regarding expression (3.33) as a sampled version of a function
defined over T" x ). The critical issue in this process is that, while the dependence of
HGZQ;Q*(E@)H; on 2 and ¢ is explicitly known for the term E. (2, q) (see (2.9), (3.9),

d

(3.24), (3.33)), this is not true for the optimal value of the regularization parameter, since
a*(Z,4) can only be computed numerically as the zero of the generalized discrepancy
function (3.31). This problem can be solved by setting the formulation of the method
in a new mathematical framework, which enables us to consider as a unique functional
equation the infinitely many algebraic linear systems

F'G(7,4) = Beoo(Z,4) VZET, Vi€ Q (4.1)

that would arise from (3.29) if, with a “naive” procedure, the unknown vector Gz; were
simply regarded as an unknown function G(Z ¢) of the continuous parameters z" and q.

The new mathematical setting requires the introduction of two functional spaces.
Given the total number L; of incidence directions, let us consider the Hilbert space
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[LQ(B)]2L4 , where B :=T x (), equipped with the (weighted) scalar product

(f(-),8()ar, == ;: Asp (fe, (1), 90.()))2(8) + ;: Asp (frae;(1)s 9re,()) 2wy (4:2)

2L;~1 2L;—1

for all £(-) := {fi() it . g(-) == {gu()}=d € [L2(B)]*", where the weights Asg,
are defined in (3.20) and where (-,-)2
moreover, we shall denote by || - |2z, the induced norm, i.e.

() denotes the usual scalar product in L?*(B);

£, = G0, (@) (4.3

In a completely analogous way we can define the Hilbert space [L2(B)]*"*, where L is
the total number of observation directions.

We can now introduce the following linear operator, whose aim is that of enabling
the operator F", defined in (3.28), to act on 2L;—uples of functions, rather than on
2L ;—uples of complex numbers.

Definition 4.1: The linear operator F" : [L2(B)]*"4 — [L2(B)]*** is defined as

F'GO) ()= { S (F). Gt(')} : (4.4)

t=0 s=0

2L -1

where G(-) = {G,()},=d " € [L2(B)]*"* and (F")y are the elements of the matriz F".

Theorem 4.2: The following properties for the linear operator F" hold:
i) it is continuous, but not compact;
i) its kernel N'(F") is given by:
oL
N(F") = {G(-) e [2B)]" | G(z.d) € N(F") faa. (7.4) € B}; (4.5)
iii) if G(-) € [LA(B)])*" is such that G(Z,4) € N(FM)L for almost all (Z,4) € B, then
G(-) € N(F")*, where the orthogonality must be intended with respect to the scalar
product of the corresponding vector space.

Proof. These properties can be proved in full analogy with Theorem 3.2 and Remark
3.3 in [1]. O
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The non-compactness of F* does not prevent us from using the singular representation
of the linear operator F”. Hence, we obtain the following expression for F:

F'G())() = {Z ool <G<->,u’;>Lg} vG() e [12B)]" (1.6)

s=0

where o) is the s-th component of v and (G(-),u});, is defined as the element in
L?(B) such that

(G()wp)z, = B> (2,4) = (G(Z,¢),up)r, €C. (4.7)

If we denote with F the corresponding noise-free version of F”, by using representation
(4.6) for F* and the analogous one for F, we can easily prove that

IF* = Fll = | = 7] = lo§ = ol < (4.9

where oy is the largest singular value of F: this means that the bounds on the levels of
noise affecting F" and F" are the same, i.e. equal to h.

We can now use the operator F" to collect the infinitely many algebraic systems
(4.1) into the following single functional equation, written in [L?(B)]?%¢ for the unknown

G(-) € [L*(B)]* a:

[F"G()](") = Eex ("), (4.9)
where E, o (+) is the element of [L?(B)]?*¢ obtained from E. (%, ) by simply regarding
the sampling pair (Z,§) as a variable on B. It is now clear that the regularization of the
previous equation (4.9) requires a single-step procedure, thus providing a single value
a* for the regularization parameter, which is independent of both z and ¢ (however, in
general, a* may depend on the choice of the investigation domain 7"). Then, the next
problem to be solved is how to compute the Tikhonov regularized solution of equation
(4.9): this task is accomplished by the following theorem, which shows that, for a
generic «, both the generalized and the regularized solutions of (4.9) are obtained from
the generalized and regularized solutions of (4.1) by simply regarding the sampling pair
(Z,q) as a variable on B.

Theorem 4.3: The generalized and Tikhonov reqularized solutions of equation (4.9) are

given by
; -1
G =X (Bew() V), W) (4.10)
p=0 “p *
and
G <->—Thf"5(E (),vp), ub (4.11)
0= X g (Bes (%) v -
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Proof. We prove the result for the generalized solution (the result for the Tikhonov
regularized solution can be shown in an analogous way). Since the generalized solution
GhT(Z, G) of equation (4.1) is its (unique) least-squares solution of minimum norm, then
for any G(-) in [L*(B)]*L4 and for almost all (Z,q) € B it holds:

[F"GM(2,4) — Een(Z.4) ;sHFhG@,qA)—Ee,oow,a)? , (4.12)

L;

and then
2
LIF'e 20 — Bz 0, d7ds(a) < [ [F'G(E ) ~ B (2.)], dzds(@).(413)

It is now useful to observe that, by virtue of definition (4.4), for any G(-) in [L?(B)]*L4
it holds:

F'G(Z,¢) = [F"G()](%,4); (4.14)
as a consequence, we can rewrite the previous inequality (4.13) as
T > 4 - M2 g A
/BH[FhGh ()] (Z,q) — Ewo(z,q)HLidz ds(q) <
< FhG _’A_Eeoo _)7A
< [[F'GO)] 20 - Bz

having denoted with G"'(:) the element in [L2(B)]*44 defined in (4.10) and simply

obtained from GhT(Z, G) when the sampling pair (2 q) is regarded as a variable on 5.
2L

| dzds(q). (4.15)

Recalling definition (4.3) and considering its analogous for [L?(B)]*/¢, we can rewrite
inequality (4.15) as

2

[Prer] 6 -Eeetll,, < IFee] 0Bt @
whence we immediately get
GM() = argmin || [F*G()] () - ano(-)H;M , (4.17)

since inequality (4.16) holds for all G(-) in [L?(B)]?%.

Relation (4.17) states that GhT(-) is a least-squares solution of equation (4.9); to
show that its norm is minimum (and, consequently, that it is the generalized solution of
(4.9)), we recall that GhT(Z, 4) € N(F") for all (Z,q) in B: then, by virtue of statement
iii) in Theorem 4.2, we find that GhT(~) € N(F"). This concludes the proof. O

The final step is now to fix the optimal value of the regularization parameter «,
which, in expression (4.11), is still generic. This task can be accomplished by using the
generalized discrepancy principle in the new functional context, i.e. by finding the zero
of the new generalized discrepancy function

p(e) = || [F'Ga()] () = Eewe()],, = R2IC ()3, (4.18)



14
which, by virtue of (4.3), (4.6) and (4.11), can be written as

p(a) _ rhz—:1 a2 — h2(a§)22 /B

a0 o+ (o)) dzds(q). (4.19)

(Beo(2,0), V1),

&

It is very easy to prove that the solution of the equation p(«) = 0 belongs to the interval
[hol, |, holl]: this information can be useful when the solution is numerically computed.
Moreover, remembering that B =T x 2 and exploiting the linearity of E. (%, ¢) with
respect to ¢ (see (2.9), (3.9), (3.24)), it follows that

JLNETRG ‘ d7ds(q Z/‘ coolZ85), V)

where {é; : j = 1,2,3} is the canonical basis of IR®. Now, taking into account the

2

dz,  (4.20)

explicit expression of E. (2, ¢), as given by (2.9), (3.9) and (3.24), we can analytically
compute the integral on T appearing in equality (4.20). To this end, for any j € {1, 2, 3}
we introduce the complex vector w; € €'+ whose £;-th component, V/; =0, ..., L; — 1,
is defined as

~

= U, Ase[(Te, X €5) X &0,] - 0(&e,) + (4.21)

Wie

z

where v/, is the {;-th component of the singular vector v} € €+, As,, is defined at
the end of Remark 3.1 and 2, is given by (3.14); then, a simple computation leads to

/T ‘(Ee,oo(ga éj)’ VZ)L@ 2

where S is the square real matrix of L; X L; elements defined as

dZ =w;Sw;, (4.22)
‘ kA, . . 1 2
Spe = 93 H A, sinc (xgl — x42> el VO, 0 =0,...,L; —1. (4.23)

We recall that in equahty (4.23) the positive numbers A; are the half-lengths of the
sides of the parallelepiped T = H?Zl[—Aj, A;] representing our domain of investigation.
Hence, from equations (4.20) and (4.22) it follows that

3
dzds( —?ﬂz W SW;. (4.24)

(Beo(2,0), Vi)

&

By inserting this result into (4.19), we obtain for the generalized discrepancy p(«)
an explicit analytical expression allowing a very fast computation of its zero a*; by
using such value for the regularization parameter « in (4.11), we find the following
representation for the optimal regularized solution of the functional problem (4.9):

rh—1 h

a,
G, () = — L (E.(),v") ul (4.25
Y ,;)(UQ)QM*( <), )
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The most general indicator function we can now consider is J (¥), where J : [0, +00) —
IR is an appropriate monotonic function and

)i= [ G- (Z.), ds(@) =
3 rh—1 h)2

‘*EIZ

7j=1 p=0 ]

2
(Beso(Z,6),vh), | VZE€T.  (4.26)

&

The analytic form (4.26) of ¥, which represents the core of the indicator function,
justifies the name “no-sampling” for our approach: indeed, a* does not depend on
the sampling pair (5 q), the term E. (7, ¢é;) is analytically known and the singular

o} of the operator F" is determined from the far-field patterns

system {ol, u Vh}p 0
measured. Moreover, as highlighted by (4.20) and (4.26), in our approach the three
independent polarizations ¢; naturally play an equally important role in forming the
indicator function: as a consequence, the heuristic procedure adopted in [8] to average
the contributions of the three polarizations é; is automatically incorporated in the new
rigorous formalism.

Of course, Theorem 4.3 now inspires a new implementation of the linear sampling
method, whereby the contour of the scatterer is detected by all points in which the

indicator function J(¥) becomes mostly large or small, depending on the choice of J.

5. Numerical applications

In this section we want to show that our no-sampling implementation yields
reconstructions that are very similar to those obtained by means of the traditional
approach based on a sampling in the physical and polarization spaces, but in an
extremely reduced amount of time and in a completely automatic fashion. In general,
the 3D reconstruction of the scatterer is obtained by plotting the C'-level surface of the
indicator function J (), i.e. the surface described by the Cartesian equation

JW(]=C, ZeT, (5.1)

where C' € [minger J [¥(2)], maxzer J [¥(2)]] is set to obtain the optimal visualization.
Our aim is now to give a recipe to fix in an automatic way the C-level surface of J (V).
An effective approach is the following three-step algorithm.

(i) Consider the 2D indicator function J(f3), where /3 is the 2D map
B:IR? 3 (ug,ug) — U [E(u,up)] € R (5.2)

and & : IR? 3 (u1, u2) — (a11u1+arus+cr, asus +agus+ca, agiug +azgus+c;) € R?
is the parametric equation of a plane in IR? containing a slice of the scatterer; such a
plane can be found by using the (rather weak) a priori information on the scatterer
suggesting where the scatterer is in the imaging volume.



16

(i) Apply an active contour technique to J(() as in [2], i.e. find a plane curve of
parametric equation v : [0,1] — IR? minimizing the energy functional

£0) = [ [5 @) @)l +was) 7 lwe) + Belr()] s, (53)
where
Eext = = IVI(B) e - (5.4)

(iii) Since active contours generate profiles that are close to level curves, the value of
the indicator function on one of these profiles is almost constant. Therefore we
choose

C = [ T{uIEr o)) d 55

with v* = argmin  £(7), i.e. the mean value of J (V) evaluated over the points of
£(v")-

The computation of the active contour in step (ii) is accomplished as in [2, 5].
The external force in (5.4) can be determined by computing V.J(3) numerically or
analytically: in the former approach, starting from the knowledge of J(3) on a prefixed
grid of points, the gradient V.J(3) is computed once for all on the same grid by means
of finite differences and used (with interpolation) to deform the contours obtained at
each iteration, while in the latter the knowledge of the analytical form of the indicator
function J (V) allows computing the numerical value of V.J(3) time by time on a finite
number of points exactly belonging to the contours obtained at each iteration. For the
reconstructions in the present paper we tested both procedures, but since the differences
in the visualization quality are negligible, we shall illustrate only the results obtained
when VJ(8) is computed by means of finite differences: indeed, the latter procedure
turns out to be faster, owing to the analytical form of V.J((), which is now more
complicated than in the genuine 2D case discussed in [2].

Remark 5.1. The previous three-step algorithm can be in principle implemented even
for traditional linear sampling: however, in this case the determination of C' through
(5.5) would require a notably greater computational effort. Indeed, in general, the 3D
grid Z of sampling points 2" on which the indicator function J (W) is computed has
nothing to do with the 2D grid G used to implement the active contour technique on a
plane section of the scatterer: as a consequence, J (V) should be computed also on G,
then the final contour resulting from the edge detection technique should be either
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deformed by interpolation and discretized on a proper number of points belonging
to G itself, or even discretized in an ad-hoc set of points, on which J (V) should be
computed separately. If we now remember that in the traditional implementation of
the linear sampling method the regularization procedure needs to be repeated for each
sampling pair (2, ¢), we can easily understand that this approach is rather heavy from
a computational viewpoint.

We now present and discuss three numerical experiments: in each one of them, the
discretization described in Section 3 is adopted by using the same uniform 9 x 18 angular
mesh on the unit sphere for both the observation and the incidence directions: more

. 1
precisely, we choose the observation angles ¢ = Tl (z + 2) forall i =0,...,T; — 1

2
with T; = 9 and ¢? = %j for all j = 0,...,F; — 1 with F; = 18, and the incidence

angles 0;2 = ; <z—|—;> for all 7 = 0,...,7; — 1 with T; = 9 and gp? = 2F7Tj for all
Jj=0,...,F; ! 1 with F; = 18. The far-field patterns forming the matrix E;lo defined
in (3.25) are computed by using a code based on the method of moments; each entry of
E is then affected by 7% Gaussian noise. The scatterers are all isotropic and located

in vacuum: this means that the index of refraction is given by

N(@@) = n(@)], (5.6)
n(z) = 610 leT(f) + ia((j)] | (5.7)

where [ is the 3x 3 identity matrix, € is the dielectric constant in vacuum, €,(Z) and o(7)
are the relative permittivity and the conductivity of the scatterer at the point Z, and
finally w = 27v is the angular frequency. All no-sampling visualizations are realized by
choosing J(t) = t~' V¢t € RT U {0} and taking as domain of investigation a cube of side
3m,ie T =[-1.5, 1.5]3. In all the numerical tests, the forward scattering problem has
been solved by using a stabilized biconjugated-gradient fast Fourier transform (BCGS-
FFT) method of moments code [18]. The computation domain has been discretized into
cubical subdomains of side about /20, being A the wavelength of the incident field in
vacuum.

The first numerical example we consider is the reconstruction of the “U-shaped”
scatterer in Figure 1(a): this object is characterized by constant ¢, = 1.8 and o = 0.02
S-m~!. The frequency used to perform this experiment is v = 300 MHz, corresponding
to a wavelength A = 1.0 m in vacuum. In order to determine the threshold value C' in
equation (5.1), we follow the previously described scheme. More precisely, if we refer
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IR? to the usual Cartesian coordinate system (z1, s, x3), as shown in Figure 1(a), we
restrict the indicator function J(¥) to the plane of Cartesian equation x5 = 0; an axial
view of the 2D map visualizing this restriction is represented in Figure 1(b). Then,
the active contour technique is applied to the previous visualization map starting from
a suitable initial guess (the white circle in Figure 1(b)), and the converging profile
(also shown in Figure 1(b) as a black line) is used as the argument of the function
J{U[E(-)]} in equation (5.5). The resulting estimate of C' is inserted into equation
(5.1) and the corresponding reconstruction of the scatterer, represented in Figure 1(c),
is obtained after 90.1 s of computation time with a 1.6 GHz CPU. In Figure 1(d)
we show the reconstruction provided by the traditional implementation of the linear
sampling method (as explained in [8]) after 1590.1 s of computation time: in this case
we have uniformly discretized the investigation domain 7" with a sampling grid Z of
30 x 30 x 30 points and combined the three indicator functions corresponding to the
three independent polarizations é; = (1,0,0), és = (0,1,0), é5 = (0,0, 1); different
cut-off values C' have been used until the “best visual reconstruction”, shown in Figure
1(d), has been obtained. The only difference with respect to [8] is that here, in order
to make a consistent comparison with our no-sampling indicator function J (V) = 1/,

we choose
-1
i 13 2 o
0(2) = |z 2. ||Gze0v 2 Ve Z (5.8)
3 ]:1 Ea Rl Ea) LdA
as sampled indicator function, instead of
. 138 -1 .
@( ) = § Z HvaéjZOé*(Z)éj) I V7 e Z, (59)
j=1

2
where HGZéj;a*(zéj) B is given by (3.33) for each j € {1,2,3}.
i

The following three considerations must be accounted for:

e all the input parameters in the active contour algorithm are optimally fixed by
choosing them in the ranges that, according to the theory, assure the convergence
of the iteration (see [5]);

e the reconstruction in Figure 1(c) provided by the no-sampling formulation coupled
with deformable models is less accurate than the reconstruction in Figure 1(d)
provided by linear sampling coupled with a heuristic choice of the threshold value
C' based on a visual comparison with the true scatterer (supposed known). However,
as many numerical tests proved, this difference in accuracy is not due to no-sampling
but to a non-optimal performance of the edge detection technique employed: indeed,
applying heuristic thresholding to no-sampling would lead to reconstructions more
or less identical to those provided by traditional linear sampling;

e in the overall computational time of the no-sampling implementation, most of the
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time (around 80 s) is spent for the edge detection procedure in Figure 1(b) and
for the visualization process, while the determination of the unique regularization
parameter only takes around 2 s. On the contrary, in the sampling formulation
most of the time is devoted to the construction of the indicator function.

The second test is concerned with the non-connected scatterer in Figure 2(a),
characterized by constant ¢, = 2.0 and ¢ = 0.0 S m~! for both the U-forms and
the sphere in between. The frequency chosen for this experiment is ¥ = 286 MHz,
corresponding to a wavelength A = 1.05 m in vacuum. The scatterer is firstly cut by the
plane in IR? of Cartesian equation o = 0.9 and the usual deformable model is applied
to the corresponding visualization shown in Figure 2(b) together with the initial guess
(white ellipse) and the reconstructed profile (black contour). The cut-off value C' is
then computed by means of equation (5.5) and the resulting surface (5.1) is plotted in
Figure 2(c). In Figure 2(d) we show the result obtained by using the traditional linear
sampling with the same choices for the parameters and the indicator function and the
same heuristic procedure for estimating C' as in the previous numerical experiment.
The computational times for both reconstructions are around the same ones as for the
corresponding reconstructions in Figure 1.

Finally, the third numerical experiment is performed by using the non-connected
scatterer in Figure 3(a) at a frequency v = 300 MHz: the parallelepiped on the left
is centred in (—0.75,0,0) and characterized by constant ¢, = 2.1 and ¢ = 0.0 S
m~!, while that on the right is centred in (0.75,0,0) and characterized by constant
€& = 1.5 and ¢ = 0.0 S m~!. In this case we only adopt the no-sampling approach, but
with three different strategies. In the first strategy, the scatterer is cut by the plane
z; = —0.75 and the threshold C is determined as usual to obtain the reconstruction
in Figure 3(b). In the second strategy, we use the plane x; = 0.75, which provides
the reconstruction in Figure 3(c). Finally, if we split the domain of investigation 7'
into Ty := [—1.5,0] x [-1.5,1.5] x [-1.5,1.5] and T3 := [0, 1.5] x [-1.5,1.5] x [—1.5, 1.5],
intersect 1} with x; = —0.75, T; with x; = 0.75 and use the two corresponding threshold
values to reconstruct the two objects with different ¢,, we obtain the reconstruction
shown in Figure 3(d): this last procedure allows better preserving the original size of
the two objects in the non-connected scatterer.

As a final comment, we observe that it is certainly possible to consider scatterers
which are much more complex than those chosen here to illustrate the advantages of the
no-sampling formulation of the linear sampling method: for example, we could consider
anisotropic, inhomogeneous and non-connected scatterers, with connected components
that are very close to each other (with respect to the wavelength \) and, consequently,
hard to separate in the reconstruction. In these very general cases, the most suitable
approach for post-processing the indicator function is probably an iterative procedure
based on level sets (see [16] and references therein): indeed, level sets can easily detect
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non-connected objects starting from a connected initial guess, since their formulation
(unlike the active contour technique used in this paper) enables an automatic splitting
of the profiles obtained during the iterations; moreover, the final visualization provided
by such a procedure does not need to be a level surface of the indicator function, thus
allowing a more reliable reconstruction of strongly inhomogeneous and non-connected
scatterers. Implementing a level-set-based technique for a post-processing of the no-
sampling linear sampling is beyond the purposes of this paper; however, we point out
that, in principle, the analytical knowledge of the indicator function can be very useful
also for such a technique.

6. Conclusions

In this paper we have introduced a no-sampling version of the linear sampling
method for 3D electromagnetic inverse scattering problems. In this approach the
availability of an analytically known indicator function allows the fast and automatic
visualization of the scatterers from the knowledge of their far-field patterns. Possible
open problems are concerned with the assessment of the spatial resolution achievable
with the method and its effectiveness in the case of limited aperture data.

Appendix

Let M and N be two positive integers; let the M x M matrix AS,; and the N x N
matrix ASy be diagonal and positive-definite; let the vector spaces €M and €V be
equipped with the scalar products (-,-)as,, and (-,-)as, described by AS;; and ASy
respectively, i.e.:

(X1> X2)ASM = X;FASMX% (yla y2)ASN = Y?ASNy% (Al)

where x;,%, € CM and y;,ys € TV are generic column vectors. Let the linear operator
T ((DM,(~,~)ASM) — ((DN,(-,~)ASN> be represented by the N x M matrix T. We
denote with (3, U, V) the singular system of 7, such that

TU = VX, TV =UX (A2)
with the othonormality properties
UTAS,, U=1,, VTASyV=1I, (A3)

where I, is the r x r identity matrix, r is the rank of T and T* is the matrix representing
the adjoint operator 7*. Then the following theorem holds.
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(c) (d)

Figure 1. Reconstruction effectiveness of 3D no-sampling linear sampling: (a) the

scattering object; (b) application of active contours to the restriction of the indicator
function to x2 = 0 (white line: initialization; black line: final profile); (c) reconstruction
provided by no-sampling linear sampling in around 90 s of CPU time (the threshold
value for the surface equation is computed by using (5.5)); (d) reconstruction provided
by traditional linear sampling in around 1600 s of CPU time (the threshold value for
the surface equation is obtained by means of a heuristic trial-and-error procedure).

Theorem A.1. Let (f), Ij,\?) be the singular system of the matrix

T = (ASy)? T (AS,)? (A4)
Then the triple (%,U, V) defined by
Y =%, U:=(ASy)?U, V:i=(ASy):V (A5)

is the singular system of the operator T .
Proof. The fact that (E, U, V) is the singular system of the matrix T defined in (A4)
means that

TU=VE, T V=UX (A6)
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Figure 2. Reconstruction effectiveness of 3D no-sampling linear sampling: (a)
the scattering object; (b) application of active contours to the restriction of the
indicator function to x5 = 0.9 (white line: initialization; black line: final profile);
(¢) reconstruction provided by no-sampling linear sampling in around 90 s of CPU
time (the threshold value for the surface equation is computed by using (5.5)); (d)
reconstruction provided by traditional linear sampling in around 1600 s of CPU time
(the threshold value for the surface equation is obtained by means of a heuristic trial-
and-error procedure).

with the othonormality properties:

0'0=1, V'V=I. (A7)
Now, by virtue of (A4), (A5), (A6), we have
TU - VE =T (AS)) 2 U — (ASy) 2 VE
= (ASy) 2 [(
= (ASy) 7 [TU - VE] =0, (A8)
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(c) (d)

Figure 3. Reconstruction of two objects with different permittivity by means of no-

sampling linear sampling: (a) the two scattering objects; (b) reconstruction obtained
by choosing a unique threshold value C' = C; computed as in (5.5) by cutting the non-
connected scatterer with the plane 21 = —0.75; (c) reconstruction obtained by choosing
a unique threshold value C' = Cy computed as in (5.5) by cutting the non-connected
scatterer with the plane 21 = 0.75; (d) reconstruction obtained by choosing the two
different threshold values C; and C5 for visualizing the two objects. The visualization
time for each reconstruction is of around 90 s of CPU time.

so that the first of relations (A2) is satisfied. Recalling now (A1), we have:

(T*y,X)as,, = (T"y)" ASyx =y" (T")" ASyx (A9)
and

(v, Tx)ag, =¥ ASy(Tx) = yTASyTX. (A10)
By comparing (A9) with (A10), we find:

(T)" AS); = ASyT = (T%)" = ASyTAS;}, (A11)
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and then

T* = AS;} T ASy. (A12)

A computation analogous to (A8) now shows that T* V—-UX = 0, i.e. also the second of

relations (A2) is satisfied. Finally, the orthonormality properties (A3) are immediately

proved by taking into account the analogous properties (A7) and definitions (A5). O
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