A VISUALIZATION METHOD FOR BREAST CANCER DETECTION
BY USING MICROWAVES
F. DELBARY∗ , M. BRIGNONE† , G. BOZZA‡ , R. ARAMINI§ , AND M. PIANA¶
Abstract. This paper proposes a qualitative approach to the inverse scattering problem of
microwave tomography for breast cancer detection. In a 2D framework, the tumor inside the breast
is regarded as an unknown scatterer placed inside an inhomogeneous and lossy background, formed
by skin and fat. We firstly present in detail the mathematical formulation of the method, which is
based on the reciprocity gap functional: in particular, the physical and geometrical properties of the
healthy breast are coded into the Green’s function of the corresponding scattering equation, while
any other object outside the array of receiving antennas can be neglected. Then, we propose a “nosampling” implementation of the method, which allows a very fast visualization of the breast slices
(the computational time is around 1 s). Finally, we test the resulting algorithm against synthetic
but realistic and noisy scattering data, by considering different plausible clinical situations.
Key words. Inverse scattering, microwave tomography, breast cancer detection, reciprocity gap
functional.

1. Introduction. The gold standard for breast cancer detection is currently Xray mammography, whereby images of a compressed breast are taken by using X-ray
radiography. This technology can be used for both diagnostic purposes and screening
plans aiming to detect cancer before the occurrence of any clinical sign. However,
X-ray mammography presents significant drawbacks which are among the causes of
the persistence of this disease. In particular, young age and high tissue density may
result in false-positive or false-negative mammograms; the invasivity of X-ray ionizing
radiation may limit the effectiveness of screening plans whose diffusion is also reduced
by the cost of X-ray production. An interesting alternative for breast cancer detection
could be using microwaves instead of X-rays [1]. Indeed microwaves assure a low
degree of invasivity and an optimal contrast; furthermore, they can be produced
by using cheap and easily available technologies. At microwave frequencies (from
3 · 10−1 up to 3 · 101 GHz), the radiation-tissue interaction is defined by the electrical
permittivity and the electrical conductivity of the tissue and therefore microwave
imaging essentially means detecting inhomogeneities in the spatial distribution of
these electrical parameters by using electromagnetic fields at microwave frequencies.
More specifically, in tomographical frameworks [6, 23], a fixed-frequency microwave
signal is transmitted from different positions and the diffracted field is collected by
different antennas surrounding the breast, so that the inner part of the breast is
imaged by reconstructing the spatial distribution of the electrical parameters.
From a mathematical viewpoint, microwave tomography can be formulated as a
non-linear ill-posed inverse scattering problem [13] and several reconstruction methods have been proposed for its solution. For example, weak scattering approaches
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mations, thus allowing the applications of methods from the regularization theory for
linear ill-posed problems [4]. However results from these procedures can be extremely
inaccurate in the case of strong scattering effects, i.e. when the incident wavelengths
are of the same size of the linear dimensions of the scatterer. A different approach
consists in adopting non-linear optimization schemes [16], which are iterative techniques initialized by using a priori information on the electrical parameters and on
the shape of the objects. These procedures can be very accurate but typically only if
accurately initialized and, furthermore, they require heavy computational burdens.
In the last years several qualitative approaches to inverse scattering problems have
been formulated [7], in which the presence and shape of inhomogeneities are visualized
by solving sets of linear integral equations of the first kind. Qualitative approaches
are faster than non-linear optimization, do not require a priori information on the
scatterer to work, but are not able to provide pointwise estimates of the electrical
parameters in the tissue (they only recover the set of points where these electrical
parameters are different from a known background). In [10, 11] a qualitative approach,
specifically the linear sampling method [12], is applied for visualizing leukemia in
the bone marrow of the human leg. In the present paper, a qualitative method
is formulated and applied for the detection of breast tumors in a two-dimensional
microwave tomography framework. Our approach is a generalization of the method
introduced in [8, 9], which, in turn, consists in matching the linear sampling method
[7] with the reciprocity gap functional, in order to process near-fields instead of farfields (as for traditional linear sampling). The generalization here consists in taking
explicitly into account the heterogeneity of the background medium inside the array of
receiving antennas. In other terms, the information on the healthy breast is encoded
in the computation of the Green’s function: in particular, since skin and fat are lossy
media, this approach gives rise to an interior transmission problem involving complex
wavenumbers, which deserves a careful discussion. Moreover, the implementation
of the algorithm is realized by means of the “no-sampling” scheme [3, 5], already
introduced for the linear sampling method, which allows an impressive rapidity in
the visualization process (two-dimensional maps of the inner breast are obtained in
around 1 s with a conventional PC).
2. The inverse scattering problem. The two-dimensional scattering problem
modelling a microwave tomography experiment for breast cancer detection is described
in Fig. 2.1. We consider an idealized geometrical model for the breast, whereby its
axial view consists of a disk representing the fatty tissue, surrounded by a thin layer
representing the skin. Embedded in the fat, the tumor takes up a spatial region
assumed to be a bounded Lipschitz domain D such that the open complement of D
is connected. In the space surrounding the breast, Γ and C denote two closed curves
which are the boundaries of the bounded Lipschitz domains Ω and V respectively, with
Ω ⊂ V . In the acquisition step, the receiving antennas will be placed on Γ and the
emitting antennas will be placed on C. Since we work at a fixed (angular) frequency
ω, in the following we shall not indicate the dependence on ω for the various physical
quantities involved; we just recall that ω = k0 c, where k0 and c are the wavenumber
and the speed of light in free space respectively. We recall that the electrical properties
of a generic medium are coded in the refractive index n(x), which is related to the
electrical permittivity (x) and conductivity σ(x) by the definition
1
n(x) :=
0



σ(x)
(x) + i
ω


,

(2.1)
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and to the wavenumber k(x) by the definition k2 (x) := k02 n(x).
In this two-dimensional model of the breast, several different refractive indices
and wavenumbers can be defined. First of all, in general, we will use the subscripts
0, 1, 2 applied to electrical permittivity, electrical conductivity, refractive index and
wavenumber to denote their constant value in free space (or coupling medium), fat,
skin, respectively. In particular, we will assume σ0 = 0 and Im{nj } > 0 for j =
1, 2. Then nΩ (x) and kΩ (x) will denote the piecewise constant refractive index and
2
wavenumber of the healthy medium contained in Ω (with kΩ
= k02 nΩ (x) for x ∈ Ω).
2
Outside Ω, the background E := R \ Ω is formed by free space and several possible
scatterers (e.g., walls, instrumentations) and is characterized by refractive index nE (x)
and wavenumber kE (x). Therefore, in the case of a healthy breast, the refractive index
and the wavenumber of the inhomogeneous medium in R2 are


nΩ (x) x ∈ Ω
kΩ (x) x ∈ Ω
nb (x) :=
and kb (x) :=
(2.2)
nE (x) x ∈ E
kE (x) x ∈ E.
On the other hand, if a tumor D is present inside the fat, the refractive index and
wavenumber of the medium in R2 are


kD (x) x ∈ D
nD (x) x ∈ D
and
k̃
(x)
:=
(2.3)
ñb (x) :=
b
kb (x) x ∈ R2 \ D,
nb (x) x ∈ R2 \ D
where nD (x) is the refractive index of the tumor and kD (x) is the corresponding
wavenumber. Finally, for reasons related to the following computations, two auxiliary
refractive indices and two auxiliary wavenumbers are introduced, i.e.:


nΩ (x) x ∈ Ω
kΩ (x) x ∈ Ω
n(x) :=
and k(x) :=
(2.4)
1
x∈E
k0
x ∈ E,
and

ñ(x) :=

nD (x) x ∈ D
n(x)
x ∈ R2 \ D


and k̃(x) :=

kD (x) x ∈ D
k(x)
x ∈ R2 \ D.

(2.5)

Accordingly to these different wavenumbers, for each y ∈ R2 different Green’s
functions can be defined. We denote with Gb (·, y) the Green’s function for the equation
describing the wave propagation in the entirely healthy background: in other terms,
Gb (·, y) satisfies the equation ∆Gb (x, y) + kb2 (x)Gb (x, y) = −δ(x, y) in R2 . Here kb (x)
is assumed to be bounded everywhere and such that kb (x) = k0 for |x| > R with R
large enough. The Green’s function corresponding to k(x) is denoted by G(·, y) = Gy
and, by superposition,
Gb (x, y) = G(x, y) + usb (x, y) ∀x, y ∈ R2 , x 6= y,

(2.6)

where usb (x, y) is the field scattered in x by the objects outside Ω when the pointlike
source is located in y and only the media inside Ω are included in the background. As
we shall see, one of the strengths of our visualization method is that the only Green’s
function we need to know in order to implement the algorithm is Gy . Some discussions
about how to explicitly determine it will be given later in the text. Finally, G̃b (x, y)
is the Green’s function corresponding to k̃b (x). It is possible to show [18] that the
following symmetry properties hold:
G(x, y) = G(y, x),

Gb (x, y) = Gb (y, x),

G̃b (x, y) = G̃b (y, x),

∀x 6= y.

(2.7)
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Fig. 2.1. Scheme of the 2D microwave tomography experiment for breast cancer detection.

Finally, we introduce the notations for some functional spaces we shall use in the
next sections:
s
H∆
(D) := {u ∈ H s (D) : ∆u ∈ L2 (D)}, for s = 0, 1;

K1s
s
KD

s

:= {u ∈ H (D) : ∆u +
s

:= {u ∈ H (D) : ∆u +

k12 u = 0 in D}, for
2
kD
(x)u = 0 in D},

s = 0, 1;
for s = 0, 1.

(2.8)
(2.9)
(2.10)

We can easily realize that the following inclusions hold for s = 0, 1: K11 ⊂ K10 ,
1
0
s
s
s
s
s
KD
⊂ KD
, K1s ⊂ H∆
(D), KD
⊂ H∆
(D). Furthermore, H∆
(D), K1s and KD
equipped
2
2
2
with the norm defined as kukH s (D) := kukH s (D) + k∆ukL2 (D) , with s = 0, 1, are
∆
s
s
(D)-norm
the H∆
Hilbert spaces. It is easy to realize that for the spaces K1s and KD
s
is equivalent to the H (D)-norm. Finally, following the same approach as that of
Theorem 4.2 in [24], it can be proved that K11 is dense in K10 with respect to the
L2 (D)-norm.
3. The Reciprocity Gap Functional equation. Let us assume that kD ∈
L∞ (D) and that there exists a positive real number cD such that Im{nD (x)} ≥ cD >
0 for almost all (f.a.a.) x ∈ D. In the case of a TM-polarized time-harmonic incident
wave ui = ui (·, x0 ) chosen as the Green’s function Gb (·, x0 ) for x0 ∈ R2 \D, the spatial
part u = u(·, x0 ) of the total electric field satisfies the forward problem [9]

2
2

 ∆u + k̃b (x)u = 0 in R \ {x0 }
s
i
u = u√ + u
(3.1)

 lim r(∂r us − ik0 us ) = 0,
r→∞

∂
. Problem (3.1) can be equivalently expressed in integral form by means
where ∂r := ∂r
of the Lippmann-Schwinger equation: then, by following an approach analogous to
that of chapter 8 in [13], it can be shown that, for each x0 ∈ R2 \ D, there exists a
1
unique solution u = u(·, x0 ) ∈ Hloc
(R2 \ {x0 }) of problem (3.1). We observe that this
solution is the Green’s function G̃b (·, x0 ): in particular, by virtue of (2.7), we have
the reciprocity property u(x, x0 ) = u(x0 , x) for all x0 ∈ R2 \ D and x ∈ R2 \ {x0 }.
The inverse scattering problem considered in this paper is that of inferring information on k̃b2 (x) and, in particular, on nD (x), from the knowledge of us (x, x0 ) at
different (discretized) x-locations, for a suitable number of emitting antennas placed
at different x0 -locations and sending the known fields ui (·, x0 ); of course, us (x, x0 )
is obtained from measurements of u(x, x0 ), by remembering that us = u − ui . This
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inverse problem is ill-posed in the sense of Hadamard [13] and, at microwave frequencies, it is highly non-linear. We will address this problem by means of a qualitative
approach, which will be able to reconstruct the support D of the tumor without
providing any information on the point values of nD (x).
1
For two functions u, v in H∆
(Ω), the Reciprocity Gap Functional (RGF) is defined
as
Z
R(u, v) :=
[u(x)∂ν v(x) − v(x)∂ν u(x)] ds(x),
(3.2)
Γ
∂
, being ν the unit normal vector to Γ = ∂Ω, directed into the exterior
where ∂ν := ∂ν
of Ω. The visualization method utilized for the microwave tomography application
in this paper is based on the analysis of the family of RGF equations (parameterized
over the sampling point z ∈ Ω) [9]

R(u(·, x0 ), sg ) = R(u(·, x0 ), Gz )

∀x0 ∈ C,

(3.3)

where the unknown is a function g ∈ H −1/2 (C), Gz = G(·, z), sg is the single-layer
potential of density g
Z
sg (x) :=
G(x, y)g(y)ds(y), x ∈ R2 \ C,
(3.4)
C

and, as above, u(·, x0 ) is the unique solution to problem (3.1) when the incident wave
is sent by a point x0 ∈ C; for future reference, we introduce the set U of all such
solutions, i.e.: U := {u(·, x0 ) : x0 ∈ C}.
In order to perform the analysis of the family of RGF equations (3.3), we need to
introduce the following three operators:
1

F : H − 2 (C) → L2 (C),
H : H

− 12

(C) → K10 ,

P : K10 → L2 (C),

F

g 7→ [x0 7→ R(u(·, x0 ), sg )] ,
H

g 7→ sg |D ,


Z
 2

P
2
v 7→ x0 7→
k1 − kD (x) v(x)u(x, x0 )dx .

(3.5)
(3.6)
(3.7)

D

The aim of this section is to study some relevant properties of these operators,
according to a plan consisting of the following main points:
Point 1: we show that F can be written as the product of −P and H (Theorem 3.1);
Point 2: we prove that H is injective with dense range (Theorem 3.2);
Point 3: we prove that P is injective with dense range (Theorem 3.6), which, together
with points 1 and 2, implies that F is injective with dense range (Corollary 3.7);
Point 4: we give an exact characterization of D via the range of P (Theorem 3.8);
Point 5: we prove the general theorem qualitatively characterizing D in terms of
the behavior of approximate solutions to the family of RGF equations (Theorem 3.9):
this theorem will inspire the visualization algorithm described in the next section.
We now discuss the five points in detail.
Point 1.
Theorem 3.1. The operator F is compact and can be factored as F = −P H.
Proof. From definitions (3.2) and (3.5), it easily follows that F is an integral
operator with regular kernel S : C × C → C defined as S(x0 , y) := R(u(·, x0 ), G(·, y)).
In particular, the range of F is a subset of H 1 (C), which is compactly embedded in
L2 (C) [20]: this shows the compactness of F .
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1

As regards the factorization F = −P H, for any g ∈ H − 2 (C) let us define v ∈
as v := sg |Ω . Then, from (3.4) and (3.5), we get F g(x0 ) = R(u(·, x0 ), sg ) =
R(u(·, x0 ), v) ∀x0 ∈ C, so that, remembering definition (3.2),
Z
Z
F g(x0 ) =
u(x, x0 )∂ν v(x)ds(x) − v(x)∂νx u(x, x0 )ds(x) ∀x0 ∈ C.
(3.8)

1
H∆
(Ω)

Γ

Γ

1
Since both u(·, x0 )|Ω , v ∈ H∆
(Ω) satisfy in Ω \ D the equation

∆u + k 2 (x)u = 0,

(3.9)

applying the second Green’s identity in Ω \ D to the right-hand side of (3.8) gives:
Z
Z
F g(x0 ) =
u(x, x0 )∂ν v(x)ds(x) −
v(x)∂νx u(x, x0 )ds(x) ∀x0 ∈ C. (3.10)
∂D

∂D

1
Then, if we observe that u(·, x0 )|D ∈ KD
and v|D ∈ K11 , we can still apply the second
Green’s identity in D and rewrite equality (3.10) as:
Z
 2

2
F g(x0 ) = −
k1 − kD
(x) u(x, x0 )v(x)dx ∀x0 ∈ C,
(3.11)
D

i.e., by definitions (3.6) (in particular, v|D = Hg) and (3.7), F g(x0 ) = −P Hg(x0 )
∀x0 ∈ C. This concludes the proof.
Point 2.
Theorem 3.2. The operator H is injective and has a dense range with respect
to the L2 (D)-norm.
Proof. We split the proof into three steps.
1
Step 1: H is injective. Suppose that g ∈ H − 2 (C) is such that Hg = 0. Then,
remembering definition (3.6), we have that sg = 0 in D. Moreover, since sg ∈ H 1 (V )
verifies equation (3.9) in V , we have sg = 0 in V by virtue of the unique continuation
principle [19]. Hence, also the trace on C = ∂V of sg is zero, i.e. SC g = 0, where
SC : H −1/2 (C) → H 1/2 (C) such that g 7→ SC g := sg |C is the single-layer operator on
C [20]. Since, as stated before, we assume that Im{nj } > 0 for j = 1, 2, it is possible
to prove (see Theorem A.2 in Appendix A) that SC is injective. Then, SC g = 0
implies g = 0.
1
Step 2: H̃ has a dense range. Let us define the operator H̃ : H − 2 (C) →
1
H 2 (∂D), with H̃(g) := sg |∂D , and prove that it has a dense range: this amounts
1
t
− 21
t
2
to
R proving that the transpose operator H̃ : H (∂D) → −H1 (C),t with H̃(f ) =
G(x, y)f (y)ds(y), is injective. We note that for all f ∈ H 2 (D), H̃f is the trace
∂D
on C of the single-layer potential of density f on ∂D (cf. definition (3.4)). Now,
1
let us suppose that f ∈ H − 2 (∂D) is such that t H̃f = 0: we want to prove that
f = 0. To
R this end, let us consider the single-layer potential v of density f on ∂D, i.e.
v(x) := ∂D G(x, y)f (y)ds(y) for x ∈ R2 \ ∂D. Of course, v is a radiative solution of
equation (3.9) in R2 \ D. Moreover, the assumption t H̃f = 0 means that v vanishes
identically on C = ∂V : hence, by virtue of Theorem A.1 in Appendix A, we have
v = 0 in R2 \ V and then the unique continuation principle ensures that v = 0 in
R2 \ D. As a consequence, we get S∂D f = 0, where S∂D : H −1/2 (∂D) → H 1/2 (∂D)
is the single-layer operator on ∂D. Analogously to the end of the previous Step 1, we
can now conclude that f = 0 by using the injectivity of S∂D .
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Step 3: H has a dense range. We want to show that for any w ∈ K10 and  > 0,
there exists g ∈ H −1/2 (C) such that
||Hg − w||L2 (D) < .

(3.12)

To this end, we firstly recall that K11 is dense in K10 with respect to the L2 (D)-norm:
hence, there exists v ∈ K11 such that

.
2

||v − w||L2 (D) <

(3.13)

Then, we observe that the continuous dependence of the solution of a strongly elliptic
equation on the boundary data [20] implies the existence of a constant α > 0 such
that for all ψ ∈ K11 it holds
kψkH 1 (D) ≤ α kψ|∂D k

1

H 2 (∂D)

.

(3.14)
1

Now, remembering the previous Step No. 2, we can choose g ∈ H − 2 (C) such that
H̃g − v|∂D

1

<

H 2 (∂D)


.
2α

(3.15)

Moreover, since both Hg = sg |D ∈ H 1 (D) and v ∈ K11 (and consequently Hg − v)
solve equation ∆ψ + k12 ψ = 0 in D, by virtue of inequalities (3.14) and (3.15) we have
kHg − vkH 1 (D) ≤ α k(Hg − v) |∂D k

1

H 2 (∂D)

= α H̃g − v|∂D

1

H 2 (∂D)

<


.
2

(3.16)

Hence, by using the triangle inequality together with relations (3.13), (3.16) and
remembering that the L2 (D)-norm is bounded by the H 1 (D)-norm, we obtain relation
(3.12), which concludes the proof.
Point 3.
In order to establish the main result of this point 3, i.e. Theorem 3.6, we firstly
need to prove the following three lemmas.
1
with respect to the
Lemma 3.3. The set UD = {u|D : u ∈ U } is dense in KD
L2 (D)-norm.
⊥
1
Proof. Let v ∈ UD
: this means that v ∈ KD
is such that (u, v)L2 (D) = 0 for all
u ∈ UD , i.e.
Z
u(x, x0 )v̄(x)dx = 0 ∀x0 ∈ C.
(3.17)
D

As already observed, for all x0 ∈ R2 \ D, in R2 \ {x0 } it holds u(·, x0 ) = G̃b (·, x0 ),
where G̃b (·, x0 ) is the Green’s function for the first equation in problem (3.1), which
takes into account the presence of the tumor. Now, let us define
Z
w(x) :=
G̃b (y, x)v̄(y)dy ∀x ∈ R2 .
(3.18)
D

R
In particular, by virtue of the previous observation, we have w(x) = D u(y, x)v̄(y)dy
∀x ∈ R2 \ D and, as a consequence of (3.17), w(x0 ) = 0 ∀x0 ∈ C. Moreover,
w = w(x) is clearly a radiative solution of ∆w + k̃b2 (x)w = 0 in R2 \ D and, as
just stated, it vanishes on C = ∂V ; hence, by applying Theorem A.1 in Appendix
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A, we have w = 0 in R2 \ V and, by virtue of the unique continuation principle,
w = 0 in R2 \ D: in particular, it holds w|∂D = 0, ∂ν w|∂D = 0. Moreover, as a
direct consequence of definition (3.18), w verifies ∆w + k̃b2 (x)w = −v̄ in D, whence
R
R
2
(∆w)(x)v(x)dx + D k̃b2 (x)w(x)v(x)dx = − kvkL2 (D) , i.e., by virtue of the second
D
Green’s identity [20] and remembering that w|∂D = 0, ∂ν w|∂D = 0,
Z h
i
2
(3.19)
∆v(x) + k̃b2 (x)v(x) w(x)dx = − kvkL2 (D) .
D

1
But v ∈ KD
, then, by virtue of definitions (2.2) and (2.10), the left-hand side of (3.19)
2
is zero: hence we have kvkL2 (D) = 0, i.e. v = 0. This concludes the proof.
Lemma 3.4. The following operator:


Z
1
M
2
2
M : H (∂D) → L (C), v 7→ x0 7→
v(x)∂νx u(x, x0 )ds(x) ,
(3.20)
∂D

with x0 ∈ C and u(·, x0 ) ∈ U , has a dense range.
Proof. It suffices to prove that the transpose operator


Z
t
1
M
t
M : L2 (C) → H − 2 (∂D), ϕ 7→ x 7→
ϕ(x0 )∂νx u(x, x0 )ds(x0 )

(3.21)

C

(with x ∈ ∂D) is injective. Let ϕ ∈ L2 (C) such that t M ϕ = 0. For each x ∈ R2 we
can define the function v as
Z
v(x) :=
ϕ(x0 )u(x, x0 )ds(x0 ).
(3.22)
C

Since u(·, x0 ) verifies (3.1), it follows that v satisfies ∆v + k̃b2 (x)v = 0 in R2 \ C;
moreover, according to (3.1), u = ui + us , where the incident field is ui (x, x0 ) :=
Gb (x, x0 ) and us (x, x0 ) is the corresponding scattered field. Then, v can be regarded
i
s
as
from the sum of the incident field v i (x) :=
R the total field v = v + v resulting
2
ϕ(x0 )Gb (x, x0 )ds(x0 ) for x ∈ R , which is the single-layer potential of density ϕ
C
and satisfies
∆v + kb2 (x)v = 0
(3.23)
R
in R2 \ C, and the scattered field v s (x) := C ϕ(x0 )us (x, x0 )ds(x0 ) for x ∈ R2 , which
verifies (3.23) in R2 \D. Moreover, by virtue of (3.21) and (3.22), it holds ∂ν v = t M ϕ,
but t M ϕ = 0 by assumption: then, it turns out that the function v given by (3.22) is
2
the unique solution of the following boundary value problem: ∆v + kD
(x)v = 0 in D
and ∂ν v = 0 on ∂D. Hence v = 0 in D and by the unique continuation principle v = 0
in V , i.e. v s = −v i in V . If we now define ṽ s in R2 as ṽ s (x) := v s (x) for x ∈ R2 \ D
and ṽ s (x) := −v i (x) for x ∈ D, we can easily see that ṽ s is an entire radiating solution
of (3.23). As a consequence [13], we have ṽ s = 0 in R2 , and then v i = 0 in V . In
particular, the single-layer potential of density ϕ is null on C, and since the singlelayer operator is injective (see Theorem A.2), then ϕ = 0, t M is injective and M has
a dense range.
1
1
Lemma 3.5. For each f ∈ H 2 (∂D), the set Ef := {∂ν u : u ∈ H∆
(D) and u|∂D =
− 21
f } is dense in H (∂D).
Proof. We firstly observe that Ef is an affine space, i.e. Ef = E0 + ∂ν uf , where
1
uf ∈ H∆
(D) is the unique solution of the following boundary value problem: ∆u = 0
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1

in D and u = f on ∂D. Then, in order to prove that Ef is dense in H − 2 (∂D),
it suffices to show this property for E0 . Indeed, let us assume that E0 is dense
1
1
1
in H − 2 (∂D) and let v be any element of H − 2 (∂D): then, v − ∂ν uf ∈ H − 2 (∂D).
Hence, for every  > 0, there exists w ∈ E0 such that kw − (v − ∂ν uf )k − 21
=
H

kv − (w + ∂ν uf )k

1
H− 2

(∂D)

(∂D)

< , i.e. we have found w + ∂ν uf ∈ Ef that approximates

1

v ∈ H − 2 (∂D).
Now, in order to show that E0 is dense, it suffices to prove the density of the
1
range of the operator T : L2 (D) → H − 2 (∂D), defined as T ϕ := ∂ν uϕ , where, for
2
1
all ϕ ∈ L (D), uϕ ∈ H∆ (D) is the unique solution of the boundary value problem
∆u = ϕ in D and u = 0 on ∂D. We can prove the density of the range of T by proving
1
that its transpose t T is injective. Then, we firstly show that t T : H 2 (∂D) → L2 (D) is
t
1
given by T g = wg , where wg ∈ H∆ (D) is the unique solution of the boundary value
problem ∆w = 0 in D and w = g on ∂D. By using the second Green’s identity in D
and remembering that T ϕ = ∂ν uϕ , as well as the boundary value problems solved by
1
uϕ and wg , we find that ∀g ∈ H 2 (∂D) and ∀ϕ ∈ L2 (D) it holds:
Z
Z
Z
g(x)(T ϕ)(x)ds(x) =
wg (x)∂ν uϕ (x)ds(x) =
wg (x)ϕ(x)dx.
(3.24)
∂D

∂D

D

The equality between the first and the last term of (3.24) now shows that t T g = wg ,
1
as claimed. Now, let us consider g ∈ H 2 (∂D) such that t T g = 0: by uniqueness of
the solution to the Laplace equation for a Dirichlet boundary condition on ∂D, we
have g = 0. Hence t T is injective, i.e. T has a dense range.
The following theorem uses notations and results described in Appendix B.
Theorem 3.6. The operator P is bounded. Moreover, if k0 is not a transmission
eigenvalue of the following problem

∆v + k 2 n1 (k)v = 0 in D



∆u + k 2 nD (k)(x)u = 0 in D
(3.25)
(v − u) = 0 on ∂D



∂ν (v − u) = 0 on ∂D,
then the operator P is injective and has a dense range.
Proof. We split the proof into three steps.
Step 1: P is bounded. Since u(·, x0 ) is singular only for x = x0 , we have that
u(·, ·) ∈ L∞ (D × C) ⊂ L2 (D × C). Then, remembering definition (3.7), the boundedness of kD ∈ L∞ (D) and the Cauchy-Schwarz inequality, we have kP vk2L2 (C) ≤
2

2

2

2
k12 − kD
kvkL2 (D) kukL2 (D×C) . We observe that since the L2 (D)-norm is
L∞ (D)
0
bounded by the H∆
(D)-norm, this inequality shows the boundedness of P whichever
of the two norms is chosen for its domain K10 .
Step 2: P is injective. Let v ∈ K10 be such that P v = 0. Then, recalling definition
(3.7), we have:
Z
 2

2
k1 − kD
(x) u(x, x0 )v(x)dx = 0 ∀x0 ∈ C.
(3.26)
D
1
By Lemma 3.3, the set U = {u(·, x0 ) : x0 ∈ C} is dense in KD
with respect to the
2
L (D)-norm: from (3.26) and the continuity of the scalar product in L2 , we then have
Z
 2

2
1
k1 − kD
(x) u(x)v(x)dx = 0 ∀u ∈ KD
.
(3.27)
D

10
1
For the same v ∈ K10 , consider now the unique solution w ∈ H∆
(D) of

2
2
∆w + kD
(x)w = [k12 − kD
(x)]v in D
w =0
on ∂D.

(3.28)

1
Since u ∈ KD
and w verifies the first of (3.28), by virtue of (3.27) we can show that
Z
Z
Z
 2

2
1
−
∆u(x)w(x)dx +
∆w(x)u(x)dx =
k1 − kD
(x) u(x)v(x)dx = 0 ∀u ∈ KD
.
D

D

D

(3.29)
Then, the second Green’s identity in D, with w = 0 on ∂D by (3.28), yields
Z
1
u(x)∂ν w(x)ds(x) = 0 ∀u ∈ KD
.

(3.30)

∂D
1

1
We now observe that, for each f ∈ H 2 (∂D), there exists a unique solution uf ∈ KD
2
to the following boundary value problem: ∆u + kD (x)u = 0 in D and u = f on ∂D.
1
1
As a consequence, {u|∂D : u ∈ KD
} = H 2 (∂D) and then, by virtue of (3.30), we
R
1
get ∂D f (x)∂ν w(x)ds(x) = 0 ∀f ∈ H 2 (∂D), which proves that ∂ν w = 0. Consider
0
now the function u ∈ H∆
(D) defined as u := w + v. Remembering that w is the
solution of (3.28), ∂ν w = 0 and v ∈ K10 , it is easy to realize that v and u satisfy the
homogeneous transmission problem (3.25) for k = k0 . Since we have supposed that
k0 is not a transmission eigenvalue, this implies that u = v = 0; then P is injective.
Step 3: P has a dense range. Let h ∈ L2 (C) and  > 0: by virtue of Lemma 3.4,
1
there exists f ∈ H 2 (∂D) such that

kM f − hkL2 (C) <


.
2

(3.31)

Moreover the operator Q defined as
Q : H

− 12


Z
v 7→ x0 7→
Q

2

(∂D) → L (C),


v(x)u(x, x0 )dx

(3.32)

∂D

(with u(·, x0 ) ∈ U ) is easily seen to be bounded. By virtue of Lemma 3.5, there exists
1
a function q ∈ H∆
(D) such that q|∂D = f and
k∂ν qk

1

H − 2 (∂D)

<


.
2 kQk

(3.33)

Since we have supposed that k0 is not a transmission eigenvalue (see Appendix B),
0
1
there exist ṽ, w̃ ∈ H∆
(D) such that ṽ − w̃ ∈ H∆
(D) and

∆ṽ + k02 n1 (k0 )ṽ = 0
in D



∆w̃ + k02 nD (k0 )(x)w̃ = 0
in D
(3.34)
(ṽ − w̃) = q
on ∂D



∂ν (ṽ − w̃) = ∂ν q on ∂D.
1
Let ũ := ṽ − w̃. Then ũ ∈
and
 from the first two equations in (3.34)
 2H∆ (D),
2
2
we have ∆ũ + kD (x)ũ = − k1 − kD
(x) ṽ in D. Then, by virtue of the previous
1
equation
the second
Green’s identity
in D, we haveRthat for all u ∈ KD
it

R and
R
2
2
holds D k1 − kD (x) u(x)ṽ(x)dx = ∂D ũ(x)∂ν u(x)ds(x)− ∂D u(x)∂ν ũ(x)ds(x), i.e.,
remembering also that ũ = ṽ − w̃, q|∂D = f and the boundary conditions in (3.34),
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R  2
R
R
2
k1 − kD
(x) u(x)ṽ(x)dx = ∂D f (x)∂ν u(x)ds(x)− ∂D u(x)∂ν q(x)ds(x). If we now
D
remember definitions (3.7), (3.20) and (3.32), we can rewrite the last equation as
(P v)(x0 ) = (M f )(x0 ) − (Q∂ν q)(x0 ) ∀x0 ∈ C; then, by using the triangle inequality
and recalling inequalities (3.31), (3.33), we get kP v − hkL2 (C) ≤ kM f − hkL2 (C) +
kQk k∂ν qkL2 (∂D) < , which shows that P has a dense range, since h is arbitrarily
chosen in L2 (C).
Corollary 3.7. If k0 is not a transmission eigenvalue of problem (3.25), then
the operator F = −P H is injective and has a dense range.
Proof. The injectivity of F is obvious. As regards the denseness of its range,
let us consider any w ∈ L2 (C): by using the triangle inequality, the linearity and
the boundedness of the operator P (see Theorem 3.6), and remembering that both
P and H have a dense range, it turns out that for each  > 0 we can find g ∈
1
H − 2 (C) (and an auxiliary v ∈ K10 ) such that kw − (−P Hg)kL2 (C) ≤ kw − P vkL2 (C) +
kP (v + Hg)kL2 (C) < /2 + kP k kv + HgkL2 (D) < /2 + kP k/(2kP k) = .
Point 4.
In order to characterize the range of P , for each z ∈ Ω we introduce the function
Λz ∈ L2 (C) defined as
Λz : C → C,

Λ

x0 7→z R(u(·, x0 ), Gz ).

(3.35)

Then the following theorem, again based on results in Appendix B, holds.
Theorem 3.8. Suppose that k0 is not a transmission eigenvalue of problem
(3.25). Then, for all z ∈ Ω, Λz ∈ range(P ) if and only if z ∈ D.
Proof. 1) Let z ∈ D and let us consider a function β ∈ C ∞ (Ω) such that [20] β = 0
1
(D).
in a neighbourhood of z and β = 1 in a neighbourhood of ∂D: then βGz ∈ H∆
Since k0 is not a transmission eigenvalue of problem (3.25), there exist (see Appendix
1
0
(D) and
(D) such that ṽ − w̃ ∈ H∆
B) ṽ, w̃ ∈ H∆
∆ṽ + k02 n1 (k0 )ṽ
∆w̃ + k02 nD (k0 )(x)w̃
(ṽ − w̃)



∂ν (ṽ − w̃)





=
=
=
=

0
0
βGz
∂ν (βGz )

in D
in D
on ∂D
on ∂D.

(3.36)

Since β = 1 in a neighbourhood of ∂D, the factor β can be omitted in the boundary
1
conditions of (3.36). Moreover, since z ∈ D, both Gz and u(·, x0 ) ∈ U are in H∆
(Ω\D)
and satisfy equation (3.9) in Ω\D; hence, if we put ũ := ṽ − w̃, by applying the second
Green’s identity in Ω \ D and remembering definition (3.7), as well as the boundary
conditions of (3.36), we get:
Z

Z

R(u(·, x0 ), Gz ) = −

Gz (x)∂νx u(x, x0 )ds(x) +
u(x, x0 )∂νx Gz (x)ds(x) =
∂D
Z∂D
 2

2
=−
k1 − kD
(x) u(x, x0 )ṽ(x)dx = −(P ṽ)(x0 ) ∀x0 ∈ C, (3.37)
D

i.e., recalling definition (3.35), Λz (x0 ) = [P (−ṽ)](x0 ) for all x0 ∈ C: this means that
Λz ∈ range(P ).
2) Let us now suppose that z ∈ Ω \ D and, by contradiction, that Λz ∈ range(P ).
By definition (3.2) and recalling from (3.1) that u = us + ui with ui (·, x0 ) = Gb (·, x0 ),
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for all x0 ∈ C we have
Z
R(u(·, x0 ), Gz ) =
[us (x, x0 )∂νx G(x, z) − G(x, z)∂νx us (x, x0 )] ds(x)+
Γ
Z
+ [Gb (x, x0 )∂νx G(x, z) − G(x, z)∂νx Gb (x, x0 )] ds(x).

(3.38)

Γ

We now observe that, for x ∈ Γ = ∂Ω and x0 ∈ C, Gb (·, x0 ) solves equation (3.9)
in Ω, while the Green’s function for (3.9) is just G(·, z): then, by applying Green’s
representation formula [20] to Gb (·, x0 ), we find:
Z
R(u(·, x0 ), Gz ) =
[us (x, x0 )∂νx G(x, z) − G(x, z)∂νx us (x, x0 )] ds(x) − Gb (x0 , z).
Γ

(3.39)
Now, for x0 ∈ R2 \ D, let us define
Z
v(x0 ) :=
[us (x, x0 )∂νx G(x, z) − G(x, z)∂νx us (x, x0 )] ds(x).

(3.40)

Γ

By reciprocity, for all x ∈ Γ, us (x, ·) is a radiating solution of
∆u + kb2 (x0 )u = 0

(3.41)

in R2 \D with respect to the variable x0 ; as a consequence, v too is a radiating solution
in R2 \ D of the same equation. Moreover, by virtue of (3.39) and (3.40), it holds:
R(u(·, x0 ), Gz ) = v(x0 ) − Gb (x0 , z)

∀x0 ∈ C.

Since we have supposed that Λz ∈ range(P ), there exists w ∈ K10 such that
Z
 2

2
R(u(·, x0 ), Gz ) =
k1 − kD
(x) w(x)u(x, x0 )dx ∀x0 ∈ C.

(3.42)

(3.43)

D

Now, let ṽ be the function defined for all x0 ∈ R2 \ D as
Z
 2

2
ṽ(x0 ) :=
k1 − kD
(x) w(x)u(x, x0 )dx.

(3.44)

D

Then, by reciprocity, ṽ is a radiating solution of (3.41) in R2 \ D. Moreover, by (3.43)
and (3.44), we have
R(u(·, x0 ), Gz ) = ṽ(x0 )

∀x0 ∈ C.

(3.45)

Now, from (3.42) and (3.45), it follows that ṽ and v−Gb (·, z) coincide on C. Moreover,
since ṽ and v − Gb (·, z) are radiating solutions of (3.41) in R2 \ V , by Theorem A.1
they coincide in R2 \ V . Then, by virtue of the unique continuation principle, they
coincide in R2 \ (D ∪ {z}). Nonetheless, ṽ is regular in z whereas v − Gb (·, z) is not,
which is a contradiction.
Point 5.
We can now carry out the last point of our workplan, by proving in the next
theorem the existence of approximate (in L2 (C)) solutions of equation (3.3).
Theorem 3.9. Suppose that k0 is not a transmission eigenvalue of problem (3.25)
and let z ∈ Ω. Then:
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1

a) if z ∈ D, for any given  > 0 there exists a gz ∈ H − 2 (C) such that
R(u(·, ·), sgz ) − R(u(·, ·), Gz )

<

L2 (C)

(3.46)

(where u(·, ·) is simply obtained by u(·, x0 ) ∈ U when x0 ∈ C is regarded as a
variable) and sgz converges in L2 (D) as  → 0; moreover, for any fixed  > 0,
1
every gz ∈ H − 2 (C) verifying inequality (3.46) is such that
lim

z→∂D

sgz

L2 (D)

=∞

and

lim kgz k

z→∂D

1

H − 2 (C)

= ∞;

(3.47)

1

b) if z ∈ Ω \ D, for any given  > 0 there exists a gz ∈ H − 2 (C) such that
R(u(·, ·), sgz ) − R(u(·, ·), Gz )

L2 (C)

< ;

(3.48)

1

moreover, every gz ∈ H − 2 (C) verifying inequality (3.48) is such that
lim sgz

→0

L2 (D)

=∞

and

lim kgz k

→0

1

H − 2 (C)

= ∞.

(3.49)

Proof. a) Let z ∈ D: then, according to Theorem 3.8, Λz ∈ range(P ): in fact,
Λz = P (−ṽ), see (3.37). Since the range of H is dense in K10 with respect to the
L2 (D)-norm (by Theorem 3.2) and ṽ ∈ K10 (see the first equation of (3.36)), for any
0
1
given 0 > 0 there exists gz ∈ H − 2 (C) such that
0

Hgz − ṽ

L2 (D)

< 0 .

(3.50)

Hence, recalling the factorization F = −P H given by Theorem 3.1, the boundedness
of P and the equality Λz = P (−ṽ), we have
0

F gz − Λz

0

L2 (C)

= −P Hgz + P ṽ

0

L2 (C)

≤ kP k Hgz − ṽ

L2 (D)

(3.51)

and then, by using (3.50), (3.51) and choosing 0 = /kP k, we find kF gz − Λz kL2 (C) <
, which, by virtue of definitions (3.5) and (3.35), is exactly thesis (3.46). The convergence of sgz in L2 (D) as  → 0 immediately follows from the definition (3.6) of H
and inequality (3.50).
In order to prove limits (3.47), we firstly remember equality (3.37), i.e. Λz =
P (−ṽ), where (ṽ, w̃) is the solution of (3.36). Then, we define the function ũ as
ũ := ṽ − w̃ in D and ũ := Gz in R2 \ D. Since ṽ − w̃ = Gz and ∂ν (ṽ − w̃) = ∂ν Gz on
1
∂D, then ũ is in Hloc
(R2 ) and is the solution of the following scattering problem:

h
i
 ∆u + k̃ 2 (x)u = k̃ 2 (x) − k 2 (x) ṽ in R2
√
(3.52)
 lim r(∂r u − ik0 u) = 0;
r→∞

we recall that k 2 (x) and k̃ 2 (x) are defined in (2.4) and (2.5) respectively. Moreover,
by continuity of the solution with respect to initial data, for all R > 0 such that D is
included in the open ball of center O and radius R, there exists a constant αR ∈ R∗+
2
(which depends on R and k̃(x)) such that for all h ∈ L√
(D), the solution u of the
2
2
scattering problem ∆u + k̃ (x)u = h in R , with limr→∞ r(∂r u − ik0 u) = 0, verifies
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kukH 1 (BR ) ≤ αR khkL2 (D) . Then, coming back to problem (3.52), we can easily deduce
that
kGz kH 1 (BR \D) ≤ αR kṽkL2 (D) .

(3.53)

Although the Green’s function Gz describes the inhomogeneous background in Ω, by
superposition (analogously to relation (2.6)) its singularity in z is only determined
by the Green’s function of the medium (in our case, the tumor) in which z is located: in particular, Gz ∈
/ H 1 (A) for any A ⊂ R2 such that z ∈ A [7]. Hence,
from (3.53), we find that lim kṽkL2 (D) = ∞ and consequently, by virtue of (3.50),
z→∂D

lim kHgz kL2 (D) = ∞, which, remembering definition (3.6), is just the first limit in

z→∂D

(3.47). Finally, the boundedness of H (i.e. of the single layer potential [20]) implies
= ∞, i.e. the second limit in (3.47).
that lim kgz k − 12
z→∂D

H

(C)

b) Let z ∈ Ω\D. Since P has a dense range and Λz ∈ range(P )\ range(P ), we can
0
use Tikhonov regularization [25] to show that there exists a sequence {fz,p }∞
p=1 ⊂ K1
such that (see [2, 16])
lim k−P fz,p − Λz kL2 (C) = 0

p→∞

and

lim kfz,p kL2 (D) = ∞.

(3.54)

p→∞

In particular, the first limit in (3.54) implies that, for each  > 0, there exists p̃ ≡ p̃()
such that fz := fz,p̃ ∈ K10 satisfies
k−P fz − Λz kL2 (C) <


.
2

(3.55)
1

Moreover, since H has a dense range, for each  > 0 there exists gz ∈ H − 2 (C) such
that

kHgz − fz kL2 (D) <
.
(3.56)
2kP k
Then, by using the triangle inequality, relations (3.55), (3.56) and recalling that F =
−P H, we get:
kF gz − Λz kL2 (C) = kP Hgz + Λz kL2 (C) ≤ kP fz − P Hgz kL2 (C) + kP fz + Λz kL2 (C) <


+ = ,
(3.57)
<kP k
2kP k 2
so that inequality (3.48) is verified. Now, let us assume, by contradiction, that there
0
exists a non-divergent sequence {fz,p }∞
p=1 ⊂ K1 verifying the first limit in (3.54).
∞
Then, we can extract from {fz,p }p=1 a subsequence {fz,q ≡ fz,p(q) }∞
q=1 that is bounded
is
bounded,
we
can
in
turn
extract
from
it a subsequence
in L2 (D). Since {fz,q }∞
q=1
{fz,r ≡ fz,q(r) }∞
that
is
weakly
convergent
to
a
certain
element
fz∗ ∈ K01 . The
r=1
continuity of P then implies that −P fz,r weakly converges to −P fz∗ ; on the other
hand, from the first limit in (3.54) we know that −P fz,r strongly converges to Λz
in L2 (C): as a consequence, we obtain that −P fz∗ = Λz , i.e. Λz is in the range of
P , in contradiction with Theorem 3.8. If we now use this argument with a sequence
∞
of the kind {fz,p }∞
p=1 := {sgz,p }p=1 (as made possible by the density of the range of
F = −P H, see Corollary 3.7), we can easily prove the first limit in (3.49). Finally, as
in the previous case a), the boundedness of the operator H implies the second limit
in (3.49).
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4. The visualization algorithm. The goal of the present section is to show how
to visualize breast tumors by using the RGF equation (3.3) as a tool to compute an
indicator function, as suggested by Theorem 3.9. The traditional pointwise algorithm
presented in [8, 9] takes inspiration from blowing-up limits analogous to those in (3.47)
and (3.49), and consists in plotting, for each z belonging to a numerical grid covering
the sampling region Ω, a Tikhonov regularized solution of (3.3).
We first observe that in real experiments one needs to perform an angular discretization involving the positions of both the antennas on C sending the incident
waves and the antennas on Γ measuring the total electric field and its normal derivative. For sake of simplicity, we discretize the continuous parameters xΓ on Γ and yC on
C with the same number N of equispaced knots, choosing C and Γ as concentric circles
of radii RC and RΓ respectively; in particular, we now have Ω = {z ∈ R2 : |z| < RΓ }.
Moreover, each of the pairs of discretization points {(x0 , y0 ), . . . , (xN −1 , yN −1 )} is assumed to belong to a radius of C, i.e. the (pointlike) emitting and receiving antennas
are in a radial symmetry (we notice that relaxing these assumptions would not change
the general scheme of the following visualization algorithm, but would make the new
formulation more complicated). The discretized form of (3.3) can be written in a
compact form by establishing the following notations for each i, j = 0, . . . , N − 1 and
for each z ∈ Ω:
∂G
(xi , yj ), gj := g(yj ), Gij := G(xi , yj ),
∂ν(x)
∂u
∂G
Vij :=
(xi , yj ), li (z) :=
(xi , z), qi (z) := G(xi , z).
∂ν(x)
∂ν(x)

Uij := u(xi , yj ), Lij :=

(4.1)

We now regard the quantities Uij , Lij , Gij , Vij as the entries of the square N ×
N matrices U, L, G, V respectively, while we consider gj , li (z), qi (z) as the N
components of the column vectors g, l(z), q(z); finally, using the common matrix
transposition and the rows × columns product, we put, for all z ∈ Ω,
∆s := diag(∆sj ) ≡

2πRC
IN , D := UT L−VT G, b(z) := UT l(z)−VT q(z), (4.2)
N

C
where IN is the identity matrix of order N and 2πR
is the (constant) discretization
N
step ∆sj > 0 over C ∀j = 0, . . . , N − 1. With the previous notations, the discretized
version of (3.3) is the one-parameter family of linear systems in the (z-dependent)
unknown g = g(z)

D ∆s g(z) = b(z) ∀z ∈ Ω.

(4.3)

space CN equipped with the ∆sFrom now on, we shall denote with CN
∆s the vector P
N
weighted scalar product, defined as (x, y)∆s,CN := j=1 xj ∆sj ȳj for all x, y ∈ CN ;
this scalar product naturally induces a norm denoted with k · k∆s,CN . Then we shall
regard the matrix A := D ∆s as the matrix representation of the linear operator
N
N
A : CN
∆s → C∆s such that A(x) = D ∆s x for all x ∈ C∆s . We now point out
that our simplified model for the healthy breast allows an analytic knowledge of the
matrices L and G, as well as of the column vectors l(z) and q(z), but for sake of
brevity we shall omit these laborious computations. In the case of more complex
models for the healthy breast, L, G, l(z) and q(z) can be determined numerically.
On the other hand, the experimental data are collected in the matrices U and V:
then, in general, only their noisy versions Ũ and Ṽ are known. As a consequence of
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definitions (4.2), both the matrix D and the column vector b(z) should be replaced
by their noisy versions Dh and bδ (z) in equation (4.3), which then becomes
Ah g(z) = bδ (z) ∀z ∈ Ω,

(4.4)

having denoted with Ah := Dh ∆s the matrix representation of the noisy version Ah
of the linear operator A. Here the subscripts h and δ refer to bounds on the noise
level, as specified in the following.
To implement the same “no-sampling” approach already developed for the linear
sampling method [3, 5], we replace (4.4) with the functional equation in [L2 (Ω)]N =
LN
2
i=1 L (Ω)
[Ah g(·)](·) = bδ (·),

(4.5)

where the linear operator Ah : [L2 (Ω)]N → [L2 (Ω)]N is defined as

[Ah g(·)](·) :=


−1
NX


j=0

N −1

(Ah )ij gj (·)


N −1

∀g(·) = {gj (·)}j=0 ∈ [L2 (Ω)]N

(4.6)

i=0

and (Ah )ij are the entries of the noisy matrix Ah previously introduced. Here, we
are regarding [L2 (Ω)]N as a Hilbert space with the scalar product (f (·), g(·))2,N :=
R
(f (z), g(z))∆s,CN dz ∀f (·), g(·) ∈ [L2 (Ω)]N , and the induced norm kf (·)k2,N :=
Ω
q
R
2
kf (z)k∆s,CN dz.
Ω
The Tikhonov regularized solution gα (·) of equation (4.5) can be explicitly computed by using the singular representation of the linear operator Ah , whose singular
h
−1
is strictly related to that of the matrix Ah [5] (rh is the rank
system {σph ; uhp , vph }rp=0
of Ah ). By means of computations analogous to those of [3, 5], we find:
gα (·) =

h
rX
−1

p=0

σph
bδ (·), vph
(σph )2 + α

∆s,CN

uhp ,

(4.7)

where, for any f (·) ∈ [L2 (Ω)]N and w ∈ CN
∆s , we have denoted with hf (·), wi∆s,CN
the element of L2 (Ω) defined by z 7→ (f (z), w)∆s,CN f.a.a. z ∈ Ω. The visualization
method based on the analysis of the RGF equation is therefore:
1. compute (4.7) by using the singular system of Ah ;
2. fix a value α∗ for the regularization parameter α by applying some optimality
criterion;
3. choose a suitable continuousmonotonic function
 J : [0, ∞) → R and plot the
indicator function Ψ(z) = J kgα∗ (z)k2∆s,CN
kgα∗ (z)k2∆s,CN

=

h
rX
−1

p=0

(σph )2
[(σph )2 + α∗ ]2

for z ∈ Ω, where

bδ (z), vph

2


∆s,CN

.

(4.8)

From now on this algorithm will be called the RGF method (in the present implementation we have chosen J = − ln).
Item No. 2 is a critical step. It can be implemented by applying the generalized
discrepancy principle [25], i.e. by finding the zero α∗ of the generalized discrepancy

17

Fig. 5.1. (a) Phantom of the breast: a circular tumor, centred in (−2.00, −1.00) · 10−2 m and
with a diameter of 1.00 · 10−2 m, is placed in the fat tissue. (b) Visualization provided by the RGF
algorithm.

2

2

function ρ(α) := k[Ah gα (·)](·) − bδ (·)k2,N −(δ + hkgα (·)k2,N ) , where we assume that
noise bounds δ, h are known, such that kbδ (·)−b(·)k2,N ≤ δ and kAh −Ak ≤ h. In the
latter inequality, A denotes the noise-free version of Ah and k · k the operator norm:
as in [3, 5], it is possible to prove that kAh − Ak = kAh − Ak = σ0h − σ0 , where σ0
is the largest singular value of A.
5. Applications to data. The purpose of this section is to validate the RGF
visualization algorithm described above against synthetic near-fields in a microwave
tomography experiment for breast cancer detection. The direct scattering data are
computed by means of a standard method of moments code [22]. A set of N = 16
emitting antennas are placed on a circle surrounding the breast at a distance of
4.00·10−2 m from the skin. The incident fields are TM-polarized cylindrical waves at a
fixed frequency of 1.00 GHz. The scattered field is computed by the code, corrupted
by 10% random Gaussian noise and then collected by N = 16 receiving antennas
placed in a radial symmetry with respect to the emitters, on a circle at a distance of
3.00 · 10−2 m from the skin. For all simulations, the computational time of our RGF
inversion procedure is very short, i.e. around 1 s.
In order to perform our simulations, the values of the geometric and electric
parameters characterizing the biological tissues (at a frequency of 1.00 GHz) are
chosen in agreement with the realistic models given in [17], i.e.: skin: εr = 4.09 · 101 ,
σ = 9.00 · 10−1 S/m; fat: εr = 1.00 · 101 , σ = 1.50 · 10−1 S/m; tumor: εr = 5.39 · 101 ,
σ = 7.00 · 10−1 S/m; vein: εr = 5.00 · 101 , σ = 1.70 · 10−1 S/m; gland: εr = 1.15 · 101 ,
σ = 1.70 · 10−1 S/m. Our simplified model of the healthy breast consists of a disk
representing the fat tissue, surrounded by a circular corona representing the skin: the
radius of the disk is 5.00 · 10−2 m and the thickness of the skin layer is 2.00 · 10−3 m.
In the first numerical example, we place into the fat a circular tumor with a
diameter of 1.00 · 10−2 m: the corresponding phantom is represented in Fig. 5.1(a).
Then, the RGF inversion algorithm is applied to the direct scattering data computed
for this phantom, thus providing the reconstruction in Fig. 5.1(b).
The second simulation considers the same phantom as in Fig. 5.1, but now a
square scatterer (with εr = 2.00, σ = 1.50 S/m) is placed outside the breast, as
represented in Fig. 5.2(a). The reconstruction provided by the RGF method is shown
in Fig. 5.2(b): the algorithm is robust with respect to the presence of outer scatterers,
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Fig. 5.2. (a) Phantom of the breast: a circular tumor, centred in (−2.00, −1.00) · 10−2 m
and with a diameter of 1.00 · 10−2 m, is placed in the fat tissue; a square scatterer, centred in
(−8.20, 8.20) · 10−2 m and with a side of 2.75 · 10−2 m is put outside the breast. (b) Visualization
provided by the RGF algorithm.

Fig. 5.3. (a) Phantom of the breast: two circular tumors, with the same diameter of
1.50 · 10−2 m, are placed in the fat tissue: one is centred in (−2.00, −1.00) · 10−2 m, the other
in (1.00, 0.00) · 10−2 m. (b) Visualization provided by the RGF algorithm.

although their presence is not encoded in the Green’s function used to implement it.
In the third example, two circular tumors having the same diameter of 1.50 · 10−2
m are placed at a distance of 3.16 · 10−2 m between their centers, as illustrated in Fig.
5.3(a); the corresponding RGF reconstruction is shown in Fig. 5.3(b).
In the fourth experiment, the more realistic phantom of Fig. 5.4(a) is considered.
Here the electrical parameters of the healthy fat are perturbed with components
randomly drawn from a uniform distribution within 10% around the unperturbed
values; moreover, six veins and one gland are placed into the breast. Two veins are
in the imaging plane, while the other four flow in the orthogonal direction; the gland
is just along one of the two veins (the vertical one, on the right) in the imaging
plane. Of course, this perturbation is not coded into the Green’s function, which then
remains the same as in the previous cases. Finally, a circular tumor with a diameter
of 1.50 · 10−2 m is placed into this phantom. The application of the visualization
algorithm leads to the reconstruction of Fig. 5.4(b), where the tumor is clearly visible,
although the limited resolution of the procedure is pointed out by an increase of its
diameter, as shown by a comparison with the visualization of Fig. 5.1(b).
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Fig. 5.4. (a) Phantom of the breast: the healthy fat is perturbed with components randomly
drawn from a uniform distribution within 10% around the unperturbed values; moreover, six veins
and one gland are added inside the fat tissue. A circular tumor, centred in (−2.00, −1.00) · 10−2 m
and with a diameter of 1.50 · 10−2 m is also placed in the breast. (b) Visualization provided by the
RGF algorithm.

Fig. 5.5. (a) Phantom of the breast: the healthy fat is perturbed with components randomly
drawn from a uniform distribution within 10% around the unperturbed values; moreover, six veins
and one gland are added inside the fat tissue. A circular tumor, centred in (−2.00, −1.00) · 10−2 m
and with a diameter of 1.00 · 10−2 m is also placed in the breast. (b) Visualization provided by the
RGF algorithm.

As one could expect, the perturbation of the healthy background becomes increasingly important as the size of the tumor diminishes. This effect is highlighted by the
fifth simulation, in which a circular tumor with a diameter of 1.00 · 10−2 m is placed
into the same perturbed background as before: the phantom is shown in Fig. 5.5(a).
In the visualization provided by the RGF algorithm and represented in Fig. 5.5(b),
the tumor is still detectable, but, mainly due to the veins in the imaging plane, its
size tends to be overestimated and an artefact appears on the right. Therefore, under
these conditions, the distinction between the tumor and the artefact can be obtained
by means of a different imaging modality providing some quantitative information on
the different kinds of tissue.
Although, a priori, the RGF method can visualize a tumor only if G(·, y) is exactly
known, the previous simulations show that reliable reconstructions can be obtained
even with a non complete knowledge of G(·, y), i.e. when only the Green’s function
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corresponding to fat, skin and free space is available.
6. Conclusions and future developments. In this paper we generalize the
formulation and improve the implementation of a linear qualitative method, based on
the so-called “reciprocity gap functional”, for solving inverse scattering problems that
are, in general, genuinely non-linear, i.e. allow no realistic linearizing approximation.
Furthermore, we apply this approach for the first time to the visualization of breast
cancer in a microwave tomography setting. From the theoretical viewpoint, the generalization consists in developing a formulation that takes into account the possible
heterogeneity of the background medium inside the array of receiving antennas: in
particular, if this background is lossy, an interior transmission problem with complex
wavenumbers needs to be discussed, in order to show that transmission eigenvalues
form a discrete set. Although our focus is on the inverse problem of microwave tomography for breast cancer detection, other scattering situations (for penetrable targets)
are easily incorporated in our framework by considering the proper Green’s function;
moreover, an analogous generalization could also be carried out in the case of impenetrable scatterers. From the viewpoint of implementation, the improvement consists
in adopting a “no-sampling” approach, which provides very fast 2D reconstructions
of the breast: indeed, the computational times of the RGF algorithm are around 1 s.
The real impact of this imaging technique should be evaluated by comparing it
with other existing inversion methods, both qualitative (such as the linear sampling
method for near-field measurements [8]) and quantitative (such as the CGLS algorithm
proposed in [23]): to this aim, it would be interesting to perform a theoretical and
operative analysis of the RGF method in order to assess the resolution achievable and
to estimate the optimal number of antennas surrounding the breast, i.e. the minimum
number of measurements collecting all the retrievable information.
Of course, a weak point of the RGF algorithm is that the physical and geometrical
properties of the healthy breast should be known a priori. This prior knowledge could
be available, at least approximately, from previous clinical exams (e.g. MRI) of the
same patient. In any case, future research should be devoted to assessing the stability
and reliability of the RGF method with respect to uncertainties in the Green’s function
describing the healthy breast: in this context, our first results, as shown in Fig. 5.4
and Fig. 5.5, seem to highlight a promising robustness of the RGF algorithm.
M. B. has been supported by a grant of the Italian Istituto Nazionale di Alta
Matematica (INdAM).
Appendix A. General theorems. In this appendix, our purpose is to briefly
prove two theorems used in the paper.
The first theorem is the generalization for k not constant of Theorem 2.12 in [13].
Theorem A.1. Let W be an open bounded Lipschitz domain such that R2 \ W
is connected; let k ∈ L∞ (R2 \ W ) and R > 0 such that k(x) = k0 ∈ R∗+ = (0, +∞) for
|x| ≥ R. Moreover, let u be the unique solution of the following problem:

2
2
 ∆u + k (x)u = 0 in R \ W
u = 0 on ∂W
(A.1)
 lim √r(∂ u − ik u) = 0.
r
0
r→∞

Then, it holds u = 0 in R2 \ W .
Proof. Let r ≥ R be such that the open ball Br with centre in the origin O
and radius r contains W . If we put Sr := ∂Br and we remember the first two
equations in (A.1), as well as the hypothesis k(x) = k0 for |x| ≥ R, then the
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R
R
first Green’s identity [20] shows that Sr u(x)∂ν u(x) ds(x) = Br \W |∇u(x)|2 dx −
R
k 2 |u(x)|2 dx. Taking the imaginary part of each term in this equation, we get
Br \W
o
nR 0
=m Sr u(x)∂ν u(x) ds(x) = 0. Hence, by virtue of Theorem 2.12 in [13], we deduce
that u = 0 in R2 \ B r and then the unique continuation principle ensures that u = 0
in R2 \ W .
The second theorem links the injectivity of the single layer operator on the boundary of a domain to the solvability of the Dirichlet problem.
Theorem A.2. Let W be a bounded Lipschitz domain and let W 0 ⊂ W be an
open subset of W ; if k ∈ L∞ (W ) is such that =m k 2 (x) ≥ 0 f.a.a. x ∈ W and

1
=m k 2 (x) ≥ c > 0 f.a.a. x ∈ W 0 , then the single layer operator S∂W : H − 2 (∂W ) →
1
H 2 (∂W ) is bijective.
1
Proof. Let ϕ ∈ H − 2 (∂W ) be such that
R S∂W ϕ = 0 and let v be the single
layer potential of density ϕ, i.e. v(x) := ∂W G(x, y)ϕ(y) ds(y) ∀x ∈ R2 \ ∂W .
Then, in particular, v solves the following Dirichlet problem: ∆v + k 2 (x)v = 0 in
WR and v = 0 on ∂W
using the first Green’s identity in W , we get
R . Hence, by
2
− W |∇v(x)|2 dx + W k 2 (x)|v(x)|
dx
= 0 and, by taking the imaginary part of each
R
term in this equation, 
we have W =m Rk 2 (x) |v(x)|2 dx = 0. By virtue of the hypotheses made on =m k 2 (x) , we find W 0 |v(x)|2 dx = 0: hence v = 0 in W 0 and
by the unique continuation principle v = 0 in W . Then, in particular, ∂ν v − = 0.
Moreover v is a solution of problem (A.1) and Theorem A.1 ensures that v = 0 in
R2 \ W : then ∂ν v + = 0. Now, according to the jump relations [20] for the single layer
potentials, it holds −ϕ = ∂ν v + − ∂ν v − : hence ϕ = 0 and this shows the injectivity of
S∂W . Since S∂W is a Fredholm operator of index 0 [20], it is also bijective.
Appendix B. The interior transmission problem. Let D be an open
bounded Lipschitz domain and let us consider the following interior transmission
1
0
1
(D) and
(D) such that u − v ∈ H∆
(D), find u, v ∈ H∆
problem: for all h ∈ H∆

∆u + k 2 n1 (k)u = 0
in D



∆v + k 2 nD (k)(x)v = 0
in D
(B.1)
(u − v) = h
on ∂D



∂ν (u − v) = ∂ν h on ∂D,
where k ∈ R∗+ = (0, +∞), n1 : R∗+ → C is a complex-valued function of the real
variable k and nD : R∗+ → L∞ (D) is a function of the real variable k with values in
the space L∞ (D). We now want to show that under some assumptions the problem
(B.1) has a unique solution.
We firstly consider the homogeneous version of problem (B.1), i.e. the case in
which the function h is identically zero, and we want to show that this problem has
only the trivial solution, except for a discrete set of values for k. Then, if we call
“set of transmission eigenvalues” the set of values of k such that the homogeneous
transmission problem has a non trivial solution, this means that the set of transmission
eigenvalues is a discrete subset of R∗+ .
Following the same steps as in [24], the following lemma for the homogeneous
interior transmission problem can be easily proved.
Lemma B.1. Put m(k) := n1 (k) − nD (k) for all k ∈ (0, ∞), if k is such that
m−1 (k) ∈ L∞ (D), then the homogeneous transmission problem has a non trivial solu1
tion if and only if there exists a nontrivial function w ∈ H∆,0
(D) such that Fk (w, ψ) =
1
1
1
0 ∀ψ ∈ H∆,0 (D), where H∆,0 (D) is the Hilbert space defined as H∆,0
(D) := {u ∈
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1
H∆
(D) : u = ∂ν u = 0 on ∂D}, and Fk is the bounded sesquilinear form defined on
1
H∆,0 (D) as
Z




(B.2)
Fk (φ, ψ) :=
m−1 (k)(x) ∆ + k 2 n1 (k) φ(x) ∆ + k 2 nD (k) ψ(x) dx =
D





1
(D),
= m−1 (k) ∆ + k 2 n1 (k) φ, ∆ + k 2 nD (k) ψ 0 ∀φ, ψ ∈ H∆,0

having denoted with (·, ·)0 the scalar product in L2 (D).
Now, for all k ∈ R∗+ such that m−1 (k) ∈ L∞ (D), let us define the following
1
sesquilinear forms: ∀φ, ψ ∈ H∆,0
(D),
Fk0 (φ, ψ) := (m−1 (k)∆φ, ∆ψ)0 ,
FkD (φ, ψ)

2

−1

:= k (m

Fk1 (φ, ψ) := k 2 (m−1 (k)n1 (k)φ, ∆ψ)0 ,

(k)∆φ, nD (k)ψ)0 ,

Fk1D (φ, ψ)

4

:= k (m

−1

(B.3)

(k)n1 (k)φ, nD (k)ψ)0 .

Then, it is obvious that for all k ∈ R∗+ such that m−1 (k) ∈ L∞ (D) it holds Fk =
Fk0 + Fk1 + FkD + Fk1D . Moreover, it can be easily shown that the following sesquilinear
1
form on H∆,0
(D)
1
∀u, v ∈ H∆,0
(D),

(u, v)∆,0 := (∆u, ∆v)0

(B.4)

1
1
defines a scalar product on H∆,0
(D) equivalent to the H∆
scalar product. Then,
∗
according to the Lax-Milgram theorem, for all k ∈ R+ such that m−1 (k) ∈ L∞ (D)
we can introduce the operators associated to the previous forms (B.2), (B.3), i.e. the
1
operators in H∆,0
(D) defined as

(Sk φ, ψ)∆,0 := Fk (φ, ψ),
(SkD φ, ψ)∆,0 := FkD (φ, ψ),

(Sk0 φ, ψ)∆,0 := Fk0 (φ, ψ),

(Sk1 φ, ψ)∆,0 := Fk1 (φ, ψ),

1
(Sk1D φ, ψ)∆,0 := Fk1D (φ, ψ) ∀φ, ψ ∈ H∆,0
(D).

(B.5)

Then we have Sk = Sk0 + Sk1 + SkD + Sk1D . We now make the following assumptions:
1) n1 and nD are analytic functions of k on R∗+ : in this case we know that
there exists an open connected set W ⊂ C containing R∗+ such that n1 and
nD can be continued to analytic functions in W and for all such sets W the
continuation is unique;
2) among the previous sets W , there exists a set W̃ such that the set Sing(m) :=
{z ∈ W̃ : m−1 (z) ∈
/ L∞ (D)} is discrete;
3) there exists an open connected subset X of W̃\ Sing(m) containing R∗+ \
Sing(m)
that, for all z ∈ X, either <e m−1 (z) > cz > 0 on D,
 such
−1
or =m
m (z) > cz > 0 on D, or <e m−1 (z) < −cz < 0 on D, or
 −1
=m m (z) < −cz < 0 on D, where, for all z ∈ X, cz is a positive
constant, depending on z and verifying m−1 (z) ∞ = o zcz2 as z → 0;
4) n1 and nD are bounded when k ∈ R∗+ goes to 0.
Remark B.1. In the case of nD (k) independent of x, assumption 1) implies
assumptions 2) and 3). Therefore, in this case, only assumptions 1) and 4) need
a physical justification, which is given by the Havriliak-Negami model for dielectric
relaxation [14].
As in [24], by exploiting the previous decomposition Sk = Sk0 + Sk1 + SkD + Sk1D ,
we can prove that Sk is a Fredholm operator of index 0. Then, by using the analytic
Fredholm theory, we can show that Sk is non-singular except for a discrete set of
values of k: this task is accomplished by the following three theorems.
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Theorem B.2. Let z ∈ X: then the operators Sz1 , SzD and Sz1D are compact.
1
Proof. For all φ ∈ H∆,0
(D), from definitions (B.3), (B.4) and (B.5) we have:


∆Sz1 φ, ∆Sz1 φ 0 = (Sz1 φ, Sz1 φ)∆,0 = Fz1 (φ, Sz1 φ) = z 2 m−1 (z)n1 (z)φ, ∆Sz1 φ 0 ,



∆SzD φ, ∆SzD φ 0 = SzD φ, SzD φ ∆,0 = FzD (φ, SzD φ) = z 2 m−1 (z)∆φ, nD (z)SzD φ 0 ,


∆Sz1D φ, ∆Sz1D φ 0 = Sz1D φ, Sz1D φ ∆,0 = Fz1D (φ, Sz1D φ) =

= z 4 m−1 (z)n1 (z)φ, nD (z)Sz1D φ 0 ,
1
whence we respectively get, for all φ ∈ H∆,0
(D),

kSz1 φk∆,0 ≤ |z|2 km−1 (z)k∞ |n1 (z)| kφk0 ,

(B.6)

−1

(B.7)

kSzD φk2∆,0
kSz1D φk2∆,0

≤
≤

2

|z| km (z)k∞ knD (z)k∞ kφk∆,0 kSzD φk0 ,
|z|4 km−1 (z)k∞ knD (z)k∞ |n1 (z)| kφk0 kSz1D φk0 .

1
(D)
H∆,0

(B.8)

2

,→ L (D) is compact, inequalities (B.6), (B.7) and
Since the injection
(B.8) prove the compactness of Sz1 , SzD and Sz1D respectively.
Theorem B.3. For all z ∈ X, the operator Sz0 is non-singular.
1
Proof. For all φ ∈ H∆,0
(D), by virtue of definitions (B.3) and (B.5) we have
0
0
(Sz φ, φ)∆,0 = Fz (φ, φ) = (m−1 (z)∆φ, ∆φ)0 . Hence, by using the previous assumption
No. 3 on m−1 (z), we can deduce that either ±Sk0 or ±iSk0 is positive and bounded
below, and then Sk0 is non-singular.
Theorem B.4. The operator Sk is non-singular except for a discrete set of values
of k ∈ R∗+ .
1
(D). According to
Proof. Let η ∈ R∗+ such that kφk0 ≤ ηkφk∆,0 for all φ ∈ H∆,0
assumptions 3 and 4, we can consider k ∈ (0, 1) \ Sing(m) such that
|n1 (k)| m−1 (k)

∞

≤

knD (k)k∞ m−1 (k)

∞

≤

∞

≤

−1

|n1 (k)| knD (k)k∞ m

(k)

ck
,
4η
ck
,
4η
ck
.
4η 2

(B.9)

Without loss of generality,
replacing Sk by −Sk or ±iSk if needed, we can suppose

that <e m−1 (k) > ck > 0. Then, by using inequalities (B.6), (B.7), (B.8) and
1
(B.9), for all φ ∈ H∆,0
(D), we get < ((Sk φ, φ)∆,0 ) ≥ c4k kφk∆,0 . Thus Sk is positive
and bounded below and then invertible. Hence, by using the analytic Riesz-Fredholm
theory, it turns out that Sz is non-singular except for a discrete subset of X: as a
consequence, Sk is non-singular except for a discrete set of values of k ∈ R∗+ .
Corollary B.5. The set of transmission eigenvalues is a discrete subset of R∗+ .
Proof. It follows from Lemma B.1 that the set of transmission eigenvalues in
k ∈ R∗+ \ Sing(m) is the set of k such that Sk is non injective. Now, by Theorem B.2
and Theorem B.3, Sk is a Fredholm operator of index 0 for all k ∈ R∗+ \ Sing(m), so
that k ∈ R∗+ \ Sing(m) is a transmission eigenvalue if and only if Sk is singular, but
by Theorem B.4 this holds only for a discrete set. Finally, since we supposed that the
set Sing(m) is discrete, the transmission eigenvalues form a discrete subset of R∗+ .
We can now state the main and last theorem of this section, which can be proved
analogously to Theorem 4.1 in [24].
Theorem B.6. If k ∈ R∗+ \ Sing(m) is not a transmission eigenvalue, then for
1
all h ∈ H∆
(D) the inhomogeneous transmission problem (B.1) has a unique solution.
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